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THE BLASCHKE CONJECTURE AND GREAT CIRCLE 
FIBRATIONS OF SPHERES 


BENJAMIN MCKAY 

Abstract. We construct an explicit diffeomorphism taking any fibration of a 
sphere by great circles into the Hopf fibration. We use elementary differential 
geometry, and no surgery or AT-theory, to carry out the construction—indeed 
the diffeomorphism is a local (differential) invariant, algebraic in derivatives. 
This result is new only for 5 dimensional spheres, but our new method of proof 
is elementary. 
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1. Introduction 

1 


“Notice that the classification of fibrations of spheres by great cir¬ 
cles is an interesting but almost untouched subject... ” Arthur L. 

Besse [1] pg. 135. 

In studying the Blaschke conjecture (see Besse [1]) and in the theory of elliptic 
partial differential equations (see McKay [10]), one encounters fibrations of the 
standard round sphere by great circles.^ The best known example is the Hopf 
fibration 


CP” 

given by the circle action 

A9 ( \ ( i9 i9 \ 

^ (^0? ■ • ■ 5 ^0-) ■ ■ • j C Zjij 

on the unit sphere inside 

Theorem 1. Given any smooth great circle fibration of a sphere there is a diffeo- 
morphism of the sphere carrying it to the Hopf fibration. 

Yang [14, 15] proved this result for spheres of dimension at least seven, missing 
the 3-sphere and 5-sphere, although his proof works on the 5-sphere modulo the 
Poincare conjecture. Gluck & Warner [7] proved the result for the 3-sphere, and 
the 5-sphere has remained an open problem. We will prove the theorem in any di¬ 
mension. Yang’s proof is quite difficult, involving a mixture of differential geometry 
and surgery, and employing the h and s cobordism theorems and the signature the¬ 
orem; the diffeomorphism is not explicit. We will give an explicit diffeomorphism, 
which can be written in algebraic functions of the first and second derivatives of 
the functions cutting out the great circle fibration, in any local coordinates. Our 
diffeomorphism is “linear” on each fiber, i.e. a linear fractional transformation of 
each circle. Our method: calculus of differential forms. No advanced mathematics 
will be employed. 

^ This is the unabridged version of this article; an abridged version was accepted for publication 
in the American Journal of Mathematics. 

note on the literature: Gluck, Warner and Yang [6] is the best article on great sphere 
fibrations of spheres; some of the lemmas proven here were derived in that article using different 
methods. 
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This theorem has the corollary (which has been known since Yang’s work) that 
every Blaschke manifold (a Riemannian manifold whose injectivity radius equals 
its diameter) with the cohomology of a complex projective space is diffeomorphic 
to a complex projective space. 


2. Overview 

This section will not be referred to subsequently, and may be skipped. 

Section 3 presents a review of some easy results on the topology of circle fibra- 
tions of spheres, which are intended for the reader’s interest, but are not employed 
subsequently. 

The long section 4 develops a description of a great circle fibration in terms of 
local data, following Cartan’s method of the moving frame. This associates to each 
great circle fibration of a sphere a principal bundle over the sphere, with a collection 
of differential forms on it representing the local data of the great circle fibration. 
The idea is to succesively determine subbundles of this bundle, by algebraic equa¬ 
tions among those differential forms. This process is also a part of Cartan’s method. 
In order to make it work, one needs to find algebraic relations among the coeffi¬ 
cients of the various differential forms, and then show that the functions expressing 
these relations (called the torsion functions), which are differential invariants of the 
great circle fibration, satisfy regularity hypotheses. These regularity hypotheses are 
strong enough that the subset on which the torsion satisfies some algebraic con¬ 
dition is a submanifold. Recall that the original bundle is a principal bundle—we 
will see that these coefficients vary according to an action of the structure group 
of that bundle. This will force the subbundle on which the torsion satisfies an 
appropriately chosen algebraic equation to be a principal subbundle. 

The first torsion to show up is essentially an endomorphism of the normal bundle 
of each great circle.^ Subsection 4.6 shows that this endomorphism satisfies an ordi¬ 
nary differential equation as we move along the great circles (using the Levi-Civita 
connection to differentiate). This ordinary differential equation is explicitly inte¬ 
grated, and we find that consistent initial data for it which will remain Hnite as we 
tranverse the great circle must consist in endomorphisms with no real eigenvalues. 

This leads to a digression: subsection 4.7 shows that an endomorphism of a vector 
space which has no real eigenvalues determines invariantly a complex structure 
which commutes with it. Applied to the endomorphism of the normal bundle, 
we obtain an almost complex structure on the base manifold of the great circle 
fibration. In subsection 4.8 on page 20 I change bases for the differential forms to 
split forms into complex linear and conjugate linear parts, and Hnd that the Cayley 
transform of our endomorphism is a complex linear matrix with eigenvalues in the 
unit disk. The structure group of our principal bundle acts on this matrix, moving 
its spectrum around. Section 4.9 on page 23 Hnds that one can normalize it to have 
vanishing trace. 

Finally, in section 4.10 on page 27, an elementary step enables reduction of the 
structure group of our original principal bundle to a group Fq. This group is the 
same group which appears as structure group for the Hopf Hbration. But this is 
exactly the isotropy group of a point of the base manifold in the Hopf fibration, 
signaling an end to the method of the moving frame, since there can in general be 


3it is really an endomorphism twisted by a real line bundle, but this is irrelevant. 
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no further reduction, as the Hopf fibration admits no invariant subbundle contained 
in this one. 

Section 5 on page 29 shows that the equations satished by our differential forms 
now appear strikingly similar to those of complex projective space. Moreover, 
section 6 on page 31 provides an easy calculation that the Hopf fibration is precisely 
the great circle fibration with maximal symmetry group. 

Section 7 on page 32 turns to another description of a great circle fibration: 
every great circle in a sphere spans a 2-plane in the ambient vector space contain¬ 
ing the sphere, so a family of great circles is a family of 2-planes, and therefore a 
great circle fibration is some kind of submanifold of the Grassmannian of 2-planes. 
More precisely, the base of a great circle fibration is an embedded compact con¬ 
nected submanifold of this Grassmannian. Section 8 on page 33 characterizes the 
submanifolds of the Grassmannian which represent great circle fibrations as being 
precisely those which are compact, connected, and elliptic. This ellipticity is a 
purely local condition on an immersed submanifold of the Grassmannian; in fact it 
is a first order partial differential inequality. I believe that this inequality satishes 
the h-principle of Gromov; I explain in section 10 on page 38 why one is apparently 
unable to use Gromov’s techniques to prove the h-principle. The space of all great 
circle fibrations, viewed as the space of all compact, connected, elliptic submani¬ 
folds of the Grassmannian, is easy to parameterize locally, and shows itself as an 
infinite dimensional manifold. But its topology is unknown; for example if it is 
connected. 

In section 11 on page 38, the geometry of the principal bundle we have con¬ 
structed is used to determine an osculating complex structure at each point of 
the base manifold of the great circle hbration. This is a complex structure whose 
associated Hopf fibration has base manifold sitting inside the Grassmannian just 
touching the base manifold of our given great circle hbration, and is in some sense 
the best approximating Hopf hbration. 

All of the theory developed in this article is based on the conviction that great 
circle hbrations provide a very natural mechanism for deforming complex geometry. 
This article is a contribution to the microlocal theory of such deformations. So a 
great circle hbration of a sphere should be thought of as a kind of nonlinear complex 
structure on the vector space containing the sphere. The base of the great circle 
hbration is a kind of deformed complex projective space. The next step is to dehne 
complex hyperplanes in that space. We do this by looking at hyperspheres in our 
sphere, and asking for the family of great circles from our hbration which lie entirely 
inside the hypersphere. We prove that this “hyperplane” is a smooth submanifold in 
the base manifold, of real codimension 2. It is not an almost complex submanifold 
in general. 

Hajime Sato [12] attempted to prove part of the topological Blaschke conjecture 
using a map, which was probably not well dehned (see criticism in Yang [14]). 
Therefore the next step is to dehne rigorously Sato’s map. This map takes the 
base of a great circle hbration into an actual complex projective space of much 
higher dimension. Moreover it is an embedding. Finally, a diffeomorphism from 
the base manifold to a complex projective space is constructed out of the Sato map, 
essentially using linear projections—the centerpiece of the entire article is hgure 7 on 
page 48. It is then quite easy to carry over this map into an isomorphism of the 
given great circle hbration with the Hopf hbration, acheiving our main result. 
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The analogy between great circle fibrations of spheres and complex structures 
of vector spaces is significantly strengthened in section 16 on page 49. We describe 
the notion of twisted complex structure, or nonlinear J. To each great circle fibra- 
tion, we assign a nonlinear J, using local invariants. Moreover, to each nonlinear 
J, we associate a great circle fibration. However, the two concepts are not equiv¬ 
alent: rather the set of nonlinear J form an infinite dimensional Hber bundle with 
contractible fibers over the infinite dimensional manifold of great circle fibrations. 
There is a canonical section of this bundle. This picture tells us that these nonlinear 
J are really superfluous, and that the real object of our theory, generalizing the 
concept of complex structure, is the great circle fibration. 

If a great circle fibration of a sphere is to represent a generalized complex struc¬ 
ture, then we need a notion of complex linear algebra, and complex differential 
geometry, to come from it. Section 17 on page 51 provides a first step in this di¬ 
rection: the notion of morphism between great circle Hbrations is defined, and the 
notion of sum of great circle fibrations, corresponding to sums of vector spaces with 
complex structures. It is easy to define these notions in terms of twisted complex 
structures, but it takes some effort (expended in that section) to show that the 
sums of great circle fibrations are actually great circle Hbrations. We see that every 
Blaschke manifold modelled on complex projective space (see Besse [1]) is the base 
space of a sum of two great circle fibrations, forcing it to be the base of another 
great circle fibration, and therefore canonically diffeomorphic to complex projective 
space. 


3. Elementary topology 

This section will not be referred to subsequently, and may be skipped. 

A sphere of even dimension can not admit a circle fibration, for a simple topolog¬ 
ical reason: a circle fibration determines a unit vector field up to sign, and therefore 
determines a unit vector field on a 2-1 cover. Because spheres of dimension at least 
two are simply connected, this determines a unit vector field, and therefore shows 
the vanishing of the Euler characteristic—but the Euler characteristic of a sphere is 
zero only if the dimension of the sphere is odd. Therefore we restrict our attention 
to the odd dimensional spheres. 

Fix a smooth foliation of 5'^”+^ by great circles. The foliation is a principal circle 
bundle, say gin+i since the fibers can be consistently oriented, and 

then we can apply rotations by various angles (measured in the usual geometry on 
the sphere to implement a circle action.^ The compactness of 5'^"+^ forces 

X to be compact. 

Using the orientations of the circles and of the sphere, we have a quotient ori¬ 
entation on X. Chasing through the relevant exact sequences, following page 230 
of Dubrovin, Fomenko & Novikov [5] and page 134 of McCleary [9], we can easily 
see® that the homotopy groups, Whitehead products and cohomology ring of X 
(with coefficients in any ring; see McCleary [9], page 134) must be the same as 
those of CP". Turning to characteristic classes, (see McCleary [9], page 199) we 
find by following the Leray spectral sequence that the Chern class of the bundle 

^We will see this from another point of view below. 

®These authors carry out their calculations with the hypotheses that the base manifold X is 
CP" and that the fibration is the Hopf fibration. However, they do not use these hypotheses. All 
they require is that the total space be a homotopy sphere, and that the fiber be a circle. 
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g 2 n+i |.]^g transgression of the generating class), which we write as 

— [H], generates the cohomology. Moreover, keeping careful track of signs (using the 
Hopf fibration as our guide) we find that [iJ]" is Poincare dual to the fundamental 
class [X]. 


4. The moving frame 

4.1. Structure equations of a flat projective structure. For my purposes, the 
sphere and the real projective space are equally reasonable spaces 

to work on (since a great circle fibration of a sphere is the same thing as a fibration 
of the [antipodal quotient] projective space by projective lines). I will choose the 
sphere. The group of symmetries of a fiber bundle is always infinite dimensional, 
but in our case we want the concept of great circle to be preserved. 

Theorem 2 (Hilbert). Every invertible (not necessarily continuous) map of a 
sphere to itself taking great circles to great circles is the action of a linear transfor¬ 
mation. 


Hilbert actually proved the obvious variant of this result for real projective spaces 
from which the theorem follows. 

Let V = have basis eo,..., e 2 n+i. Let G = SL (H) act on the sphere 

g 2 n+i _ (tv\o) /IR+. Let g be the Lie algebra of G. Write [u] = R+w for the ray 
through a vector v G H\0. Let Go be the stabilizer of [cq], i.e. the group of matrices 
of the form 

0 gi) 

with real entries satisfying g^ > 0, gQdetgj) = 1, and Greek indices /x, iz = 
l,...,2n + 1.® Let go be the Lie algebra of Gq. The sphere S'2"+i is the quo¬ 
tient G/Go via the right action of Gq. More concretely, the map G ^ jg 

map g ^ [geo]. 

We will follow Elie Cartan’s method of the moving frame; see Cartan [4] for an 
introduction. The left invariant Maurer-Cartan 1-form 

bj = g~^ dg G (G) G g 

satisfies 

duj = —oj A oj. 


Our subgroup Go acts on the right on G, thus not preserving the Maurer-Cartan 
1-form, but instead if R, 


,gg is the right action on G of an element go G Go then 

Rl 


go 


OJ 


= Ad„„^ OJ. 


go 


Let us divide oj into 1-forms according to 

, lO 

_ / “^0 



®For reference, our index conventions in this paper are: 

= 1,..., 2n + 1 
= 2,..., 2n + 1 
p,q,r = 

P,Q, R = 0,... ^n. 
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The 1-forms ojq, which we will write as are semibasic for the fiber bundle map 
G ^ 5'^”+^, which we see because they are linearly independent on G but vanish 
on Go and therefore on the left translates of Gq. Their exterior derivatives are 

du;f^ = -7^ A oj'' 

where we define 

Their exterior derivatives are 

= -7a A 7^ + A 

where we write ojfj, for Our structure equations can now be rewritten as 

dcof^ = -jI; a oj" 

dju = -la A 7? + A 

dujfj. = 7^ A 

These are the structure equations of a flat projective structure (see Cartan [2]). 


4.2. Canonically defined vector bundles on a manifold with flat projective 
structure. 

This subsection will not be referred to subsequently, and may be skipped. 

It is not essential to work out the theory of invariantly defined vector bundles 
on the sphere determined by the projective structure, but it makes clearer the 
interpretation of the invariantly defined vector bundles which we will produce from 
a great circle fibration in subsection 5.1 on page 29. 

We can now take any representation of the group Go, say p : Go ^ GL (W), and 
use it to define a vector bundle W g'^n+i 

IT = (G X IT) /Go 


where the quotient is taken by the Go action 

{g,w)gQ = {ggo,p{go)~^ 
for 

go € Go,g € G,w € IT. 

A section of IT ^ g 2 n+i is precisely a Go equivariant map / : G ^ IT. If we 
pick a basis Wa of IT, / has components /“. Write p : go ^ the Lie 

algebra morphism induced by our morphism p : Go GL (IT) of Lie groups. The 
differential of /“ is 


dr 


0 


f = rM 


for some functions /“ on G, or in other words 


df + p{go^dgo)f = V fuj 


where 

Vf : G ^ (^W 

is the covariant derivative of the section /. We will say that p solders the bundle IT. 
Since all of the Lie groups I will employ in this article are connected, the Lie algebra 
representation will sufhce for our purposes to identify the group representation, and 
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we will usually only indicate the Lie algebra representation, saying that the bundle 
is soldered by the expression 



13 


For example, we define O (—1) to be the bundle^ O (—1) = W where W = (eo) C 
V is the span of eg in V. Since Go preserves an orientation in this line (cq), the 
bundle 0(—l) has oriented fibers. Write any section cr of O (—1) (perhaps only 
defined on an open subset of the sphere) as 


<^(9 N) = f{9)geo. 


Then / : G 


and 


df + u}of = 

. So O (—1) is soldered by ujq. 


for some functions f^-.G- 
We define 

0(1) = 0(-l)* 

and similarly define 

0(p) = 0(l)®^ = ((eo)*)®^ 
Then O (p) is soldered by —pujQ. 

We will also want to consider the bundle V soldered by 


"0 

0 ujit 


(i.e. p is the identity). This is a trivial bundle, since any element v G V gives rise 
to a global section fv{g) = g~^v of ^ ^ 5'^”+^. However, there is no trivialization 
invariant under SL {V). Therefore we will prefer to consider as a vector bundle. 
The sections of this bundle correspond to functions f : G ^ V so that in terms of 
our usual basis of V 


d 



(f 




UJ 


For example, if we take a fixed vector v G V and consider the function f = g 
plugging in the definition of the to 1-forms, we see that this satisfies 


df = -ujf 


or 


ujK 




= 0 . 


We see the covariant derivatives when we write it as 


Wn 




0 


U) 


If a vector bundle W is soldered by then its dual W* = W* is soldered by 
—p^, i.e. the negative transpose. 

When we add two representations, say U and W, with bases Ua and wm we 
obtain a representation U (B W with basis zj where / runs over first the a indices 


7lt is not difficult to see that if we were to quotient our sphere down to the underlying real 
projective space, then this bundle O (—1) would become the algebraic geometer’s usual universal 
line bundle. 
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Figure 1. The tangent space to the sphere is TS = O (1) 0 (v/O (1)^ 


and then the M indices. The matrix elements of the Lie algebra representation (or 
the Lie group) on the sum are 

Pj = + ^m^jPn- 

Similarly under tensor product, the new index I runs over pairs (a, M) and gives 
matrix elements of the Lie algebra representation (not the same as the group rep¬ 
resentation) 

Pj=P$S^ + S^Pn 

where 

I={a,M), J={P,N). 

For a quotient representation, WjV where U is an invariant subspace of IT, we 
have indices a, /? for [/, M, N for W/U, and I, J for VF, and the relation 

V 0 Pn 

so that we can dig out the matrix elements of the quotient from those of the original 
representation. 

Lemma 1. The tangent bundle of the sphere is soldered by 
and is canonically and SL {V) equivariantly isomorphic to 

o{i)®(y/o {-!)). 


Proof. Lets write (cq) for the line in V through cq. The tangent space to the sphere 

g2n+l Jg gjygjj 

0 ^ Te„ [eo] = (eo) ^ = V^ ^ y/ ^ 

But if we change the choice of the point Cq, by a positive multiple, then we have to 
rescale V by this multiple, and rescale (cq) by the same multiple, while we don’t 
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rescale the sphere at all. Therefore this description of the tangent space to the 
sphere is certainly not Go equivariant, and it will only become scale invariant if we 
rewrite it as 

0 ^ (eo)* 0 (eo) ^ (eo)* 0 F ^ ^ 0 

with the first map just an inclusion, and the second map defined by 

(eo) v/ (eo) S V/ (eo) = 

We have to check that this map is Gq equivariant. It is clearly invariant under 
positive rescaling, because this cancels out from each factor. Under linear transfor¬ 
mations go S Go, which take eo to g^eo with g^ > 0, 

^ ^(eo) 0 v/ (eo) 


{9oO ® (gov) -^ (eo) 9oVo/ (eo) 

we see that the map is Go equivariant, so that 

and therefore 

T 52 n +1 = iy/ieo)) = G (1) 0 (v/O (-1)) = G (1) 0 U/G (0). 

Finally, we will consider the soldering of the tangent bundle. The representation 
uj^ solders V/O (—1) and —Wq solders G (1). Therefore the tensor product 

G(l)® (U/G(-1)) 

is soldered by 

□ 


Corollary 1. 

r*S'2"+i = G (0)-^ c G (-1) (g) V* 
is soldered by the negative transpose: 


is soldered by 


-(7(()‘. 

DetT5'2"+i =G(-(2n-b2)) 

-(271 -t- 2)u7g. 


4.3. Structure equations of a geodesic foliation in a flat projective struc¬ 
ture. Let the Roman indices i,j,k,l run from 2 to 2n -I- 1. Inside G we have a 
subgroup Gcircle consisting of matrices of the form 



with det = 1 and 


det 


9o 

9o 


9i 

9l 


> 0 . 
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This is the subgroup of all elements of G which preserve the oriented plane spanned 
by eo and ei. Under the map G this subgroup projects to the oriented 

great circle which is the image of the eo, ei plane. This subgroup satisfies 

w* = yj = 0 

as do all of its left translates, by left invariance of the Maurer-Cartan 1-form. 
Thus the geodesics (the great circles) are the curves in the sphere which are the 
projections of the integral manifolds of 

w* = yj = 0 

in G. The manifold GjGcircle is the manifold of all oriented great circles on the 
sphere 5^”+^. 

Similarly, if we have a pointed circle on the sphere, then it is the projection of a 
left translate of the subgroup Gi of matrices of the form 

ffo ffi 9j 

0 gl g] 

0 0 g] 

where gS, q\ > 0 and 

5o5i det (g*) = 1 

(the subgroup of G preserving not only the oriented cq, ei plane, but also fixing the 
point eo, up to positive factor). The left translates of Gi are precisely the leaves of 
the foliation of G given by the equations 

= w* = = 0. 

Hence the quotient space G/Gi is the space of pointed great circles. 

Starting with a foliation F by curves, look inside G and consider the subbundle 
Bi whose fiber above any point x € S'2”+i consists of the linear maps g : V ^ 
which identify our point x of the sphere, i.e. a ray in V, with a given ray in 
say the ray through eg, and which identify the tangent line to the F curve through 
X with a given 2-plane in say the span of eo,ei. The map Bi jg 

the pullback 

Bi - ^G 


g2n+l -^ G/Gi 

above the map 5'2"+i ^ G/Gi (taking any point p G 5 ' 2 "+i to the great circle 
which is tangent at p to the leaf of F through p) and so Bi g‘ 2 n+i jg smooth 
right principal Gi bundle. The fibers of the bundle Bi are cut out by the equations 
= w* = yj = 0. But the are linearly independent 1-forms on the bundle 

Bi (since we have made no restriction on motions in the base manifold, the sphere 
52"+!). Therefore on this bundle Bi 

for some functions t\ and <*. The equation 

w* = 0 

cuts out a foliation Fi of Bi, by the Frobenius theorem. Indeed the leaves of Fi 
are precisely the preimages in Bi of the leaves of F down on the sphere. To have F 
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constitute a foliation by geodesics, we will need each leaf of Fi to sit inside a right 
translate of a subgroup of G satisfying oj* = yj = 0. Therefore we need t\ = 0, and 
henceforth we will assume this; i.e. on Bi\ 

(1) 7?=iX. 

Differentiating this last equation gives an expression for the covariant derivative 
of the invariant: 

vt; = dt} - + Tit" - 47^ - 

and we can calculate that this covariant derivative is 

(2) Vt* 

where is some as yet unknown invariant. 

Note that this covariant derivative is determined not with any particular connec¬ 
tion, but is essentially the same for any connection which leaves the flat projective 
structure on the sphere invariant under parallel transport (for example, the Levi- 
Civita connection of the usual round sphere metric). 


Lemma 2. Suppose that 5”^"+^ ^ is a great circle fibration. 
bundle to is soldered by 


The tangent 


Proof. The proof is essentially the same as that of lemma 1 on page 9, except that 
we use the representation 


((eo)* <»V) / ({eo}* 0 (eo,ei)) 


where (eo,ei) is the span of eo,ei. 


□ 


4.4. Structure equations of the Hopf fibration. To fix the Hopf fibration 
as well as the flat projective structure, transformations must take complex lines to 
complex lines, since the Hopf fibration on the sphere is the quotient (by rescaling by 
positive numbers) of the fibration of into complex lines through the origin. 

The circle fibers can be oriented by using the natural orientation on complex lines, 
and we will take them to be thus oriented. 


Lemma 3. Let V he a complex vector space of dimension at least two. Every 
invertible real linear map ofV which takes complex lines to complex lines, preserving 
the natural orientation of complex lines, is complex linear. 

Obviously the result is not true for V of one complex dimension. 

Proof. Take ei,e 2 € V any two vectors which are linearly independent over the 
complex numbers. Then gei, ge 2 must still be linearly independent over the complex 
numbers, because 61,62 belong to distinct complex lines, so g must take these to 
distinct complex lines. Take h any complex linear transformation taking gei 
61,562 1 -^ 62 . To show that g is complex linear on the complex 2-plane spanned by 
61,62 it suffices to show that hg is. So without loss of generality, we can assume 
561 = 61 and 562 = 62 . Consequently there must be real constants aj, bj so that 

g^f—lcj = OjCj + bj^f—lcj. 

The map g also must preserve the complex line spanned by ei -I- 62 , which forces 
ai = 02,61 = 62 . Preserving the complex linear spanned by ei -I- V~l 62 forces 
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ai = 0, 5i = 1. This makes g complex linear on the 2-plane spanned by ei,e 2 . 
Since ei and 62 are arbitrary this proves the lemma. □ 

So the group of symmetries of the Hopf fibration as a geodesic foliation of a flat 
projective structure is the group 

r = SL (2n -b 2, R) n GL (n -b 1, C). 

The subgroup preserving the point eg up to positive rescaling (i.e. fixing the north 
pole of the sphere) is the group Tq of complex matrices of the form 

f9o 9g 

Vo < 

where the indices p, q here run from 1 to n, with pg > 0 , the and g^ are complex 
numbers, and 

|ffo det (5^)1^ = 1 

(the real linear determinant must be 1). The Hopf fibration is represented by the 
fiber bundle 

To- 


^2n-|-l 


given by the obvious right action of Tq on T. The group T is a subgroup of the 
group G = SL {2n + 2,M) that we encountered previously. Let 


Jo = 


/O -1 
1 0 


V 


-1 

oy 


be the usual complex structure on and let 


(0 1 

1 0 


Ko = 


V 




0 1 

1 oj 


be the usual complex conjugation. Taking the Maurer-Cartan 1-form lo from G, 
we can split it into 

w = 


— - {lo — JgtoJo) 

= - {lo + JqLoJq) Kg. 
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We can now write these in complex components, since each of 17^’° and 0°’^ is a 
matrix built out of 2 x 2 blocks like 



which can be identified with the complex number a + b\/—l. In this manner, we 
write our matrices as 


n 


1.0 _ 






09 



To be more explicit. 


O 

O 


p 

1 

(, ,2P 1 , ,2P+l\ 1 


Q - 

2 

y^2Q + ^2Q+1 ) + 

2 < 

p 

1 

/ ,2P+1 1 , ,2P \ 


Q ~ 

2 

[^2Q + ^2Q+1) 



LU. 


2P+1 

2Q 


— LO' 


2P 

'2Q+1 


, ,2P+1 _ , ,2P 
l‘^2Q+l ^2Q 


) 

) 


for P, Q = 0,..., n. Since the real trace of w vanishes, so does Op + Op. We will 
write Oq for the conjugate of Og and Og for the conjugate of Og. The structure 
equations of G can now be written in this notation as 


dO^ = -OgAO«-O^AO« 
dO^ = -Og A 0| - Og A 0|. 


The Hopf fibration satisfies the equations 0£ = 0. 


These imply 


OJl = —OJ 
„i 


72P 


Ul2P — 72P+1 
iA’2P+1 = 

7i = 0 

y2P = _^2P+1 
^2P+1 ^ ^2P 


72Q+1 

^,'^P 

72Q+1 


.„2P 

72Q 


-72Q^^ 


So for the Hopf fibration, the invariant t is 


/O -1 
1 0 






oj 


V 


0 

1 
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4.5. Structure equations of the standard round metric on the sphere. 

This subsection will not be referred to subsequently, and may be skipped. 


It is helpful to compare the structure equations of a geodesic foliation on the 
sphere to the equations we obtain with the standard metric in place. We obtain 
the structure equations of SO (2n + 2) from those of GL (2n + 2, K.) by imposing 
the relations 


(3) 


= -r,- 


In other words, SO (2n + 2) is the connected subgroup of GL (2n + 2, R) of largest 
dimension on which these equations are satished. 


Lemma 4. The integral manifolds of the equations 3 are precisely the left translates 
of SO (2n + 2) inside GL (2n + 2, R.). 

Proof. The Lie algebra of SO (2n + 2) satisfies these equations, so all of SO (2n + 2), 
as do all left translates of SO (2n + 2) by left invariance of the equations. The left 
translates form a foliation of GL (2n + 2, R) and by the Frobenius theorem, they 
are all of the integral manifolds. □ 

Consider the equations 

Wl = —UJ^ 

(4) Wi = w* = 0 for i > I 

7 = 0. 

These are also the equations of a subgroup—in this case a circle subgroup of 
SO (2n + 2) which turns the eo, ei plane and fixes the perpendicular directions. 

Lemma 5. The integral curves of equation 4 are precisely the left translates of the 
circle subgroups of SO (2n + 2). In particular these integral curves are compact and 

J = 2tt 

when integrating over any of the integral curves. 


4.6. Following the invariants around the circles. Consider the behaviour of 
our invariant t on a circle subgroup left translate. Imposing the relations satisfied 
by a circle subgroup translate given in equation 4, we Hnd that, if t = (t®) is 
treated as a matrix then 

dt = — (/ + t^) uj^. 

It is clear that such a circle subgroup translate actually lives inside our bundle Bi 
above each of our great circles, by construction of Bi, since above each circle on 
the sphere, Bi contains a left translate of the subgroup Gi which contains a circle 
subgroup. Writing = dO we have the ordinary differential equation 


dt 

dB 


(l + t^). 


Consider Hrst how solutions of this ordinary differential equation behave if t is 
just a complex number. The solutions are t = — tan(0 + c), except for the two 
singular solutions t = ±y/—l. So all solutions have period tt. The flow is graphed 
in figure 3 on page 17. Indeed on the Riemann sphere, this equation is a rotation, 
and has the two exceptional points as rotational fixed points, and is smooth 
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Figure 2. The flow of the vector field dt/dO = — (l + on the 
Riemann sphere. 


everywhere. See figure 2. However, we can see that to have our complex number 
t remain finite, it can never be real-valued, since it would then go to infinity in time 
at most 7r/2 in one direction or the other. 

For a matrix t the solution is 

t{0) = (t(0) — tan(6l)) (1 -|- tan(6l)t(0)) 

and this tells us that t has no real spectrum. Moreover, since t is a real matrix, 
the eigenvalues and eigenspaces of t come in conjugate pairs. Since the equation is 
invariant under change of linear coordinates, the eigenspaces will remain invariant 
under the flow, while the eigenvalues will change. For any initial conditions t(0) 
with no real eigenvalues, we find that t will remain defined as a function of 9 for any 
positive or negative 9. For generic initial conditions, for example for t diagonalizable 
at 0 = 0, we find that t is tt periodic. Therefore T is also tt periodic for any initial 
conditions with no real eigenvalues. 

Notice that we have not so far invoked the hypothesis that the sphere has odd 
dimension. In fact, this is an immediate consequence of t having no real eigenvalues, 
since t is a square matrix whose size is one less than the dimension of the sphere. 
If t had odd size, then its characteristic polynomial would have odd degree, and so 
would have a real root—hence a real eigenvector. 

4.7. Linear transformations without real eigenvalues. Take any linear trans¬ 
formation T : V ^ V oi a real vector space V, with no real eigenvalues. We will 
also write F as Vir to emphasis that we are studying its real points, and write Vc 
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Figure 3. The flow of the vector field dt/dO = — (l + 1'^) in the 
complex plane. 
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for V (8)r C. We naturally have Vc split into generalized eigenspaces of T, say 
E;^T = {v GVc\{T — XI)’^v = 0 , for some k > O} . 

Since T is real, 

WT = E-^T. 

We can pick out the eigenspaces E\T of T where the eigenvalues A have positive 
imaginary parts, and define a subspace 

^T°= 0 ExTcVc. 

Im A>0 

Let be the conjugate of i.e. the sum of the eigenspaces whose eigenvalues 
have negative imaginary part. It is easy to see that and are complex 
subspaces of Vc and are complementary: 

p.1.0 p yOA = 0, Vfc = 0 

Then define a linear transformation J : Vc ^ Vc by letting J act via -y/—1 on 
and by —\/—l on Then it is clear that J is real, i.e. acts as a real linear 

transformation on Vr, since J is conjugation invariant. Moreover = —I, since 
this equation holds on and on by construction. Write J as Jt- 

Lemma 6. Let HiV) be the set of linear transformations of a finite dimensional 
real vector space V which have no real eigenvalues (think of it as a “generalized 
upper half plane”), and JfV) he the subset of real linear transformations J which 
satisfy ,P = —I (the complex structures). Then the map 

T G H{V) J{V) 

is a smooth fiber bundle, with the inclusion J(V) C TtfV) as a section. Moreover 
this fiber bundle is GL(V]r) equivariant: 

JgTg-^ = gJTg~^ 

for any g G GL (Via). Its fiber above any point J consists precisely of the complex 
linear maps T : —>■ (i.e. real linear maps T :V ^ V commuting with J) 

all of whose eigenvalues on have positive imaginary part. 

Proof. Notice that if V has odd dimension, then (looking at the characteristic 
polynomial, which is of odd degree) we find is empty. Similarly, taking 

determinant, we find that fl(V) is empty. So we can assume V has even dimension. 
The equivariance oiT ^ Jt under GL (Vir) is elementary. 

First, we construct the space Z C TLiV) x J{V) which consists of pairs (T, J) 
satisfying 

TJ = .IT, = _/ 

and with T having no real eigenvalues. We have maps 

Z 


n{v) j{v) 

given by taking a pair (T, J) and either forgetting J or forgetting T. Now given 
any T G U{V), we know how to construct & J = Jt commuting with it so that 
= —I, i.e. the map 




T !—>■ .Jt 
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has graph lying in Z. 

On the other hand, if we take any T with no real eigenvalues, i.e. T G 'h(V), 
then we can could also have constructed a J commuting with it in other ways; in 
fact if we just put any collection of eigenspaces of T together and call their sum 
and call the sum of their conjugates so that every eigenspace is in one or 
the other, then we can define J to be \/—l on and —y/^ on V^'^. It is clear 
that because T has no real eigenvalues, this procedure unambiguously determines 
J, up to the choices of which eigenspaces of T go to and which go to 

Conversely, if we pick a pair (T, J) in Z, the fact that T and J commute ensures 
that each one leaves the eigenspaces of the other invariant. Looking at the minimal 
polynomial of J, a;^ + 1, we see that J has exactly two eigenspaces, and we call 
them (the eigenspace) and (the —y/^ eigenspace). The map T must 
take to itself, and take to itself, because T commutes with J, and T must 
be complex linear on each. Decomposing into complex eigenspaces of T, and 
decomposing into the conjugates of those eigenspaces, we find Vc = 
decomposed into conjugate eigenspaces of T. Because T is real, its eigenspaces must 
be conjugate, with half of them in and half in Therefore J comes about 
from T by the construction outlined in the last paragraph. 

Thus the map Z —> 'H{V) has finitely many points in each stalk—each point 
corresponds to a choice of which eigenspaces of T go into We want to show 

that the points which make up the graph oi T Jt form a smooth subvariety of 
Z. We have only to show that they are transverse to the fibers of the map 

n{v) X j{v) H{v) 

given by (T, J) T. 

The algebraic equations cutting out Z are TJ = JT and = —I. Differentiat¬ 
ing these in motions up the fiber, we find that the equations of a vertical tangent 
vector are 

TJ = JT and jj + jj = 0. 

The first equation tells us that J preserves the eigenspaces of T, while the second 
tells us that J swaps the eigenspaces of J. But the eigenspaces of T are entirely 
contained inside those of J. Therefore J = 0, and there are no vertical tangent 
vectors. This shows that Z is smooth and transverse to the fibers oiT-CiV) x J(V) 
J{V). So the map T Jt is smooth, being just a single branch of Z, and clearly 
Jt = T for any T with = —I. Hence this map T Jt is a. smooth surjection 

n{v) ^ j{v). 

To find the rank of the map T Jt differentiate the equations 

= -I and JT = TJ 

to find 

jj + jj = 0 and Jt + JT = tj + TJ. 

The kernel of the derivative oi T ^ Jt is the set of T satisfying JT = TJ, i.e. 
the J complex linear maps. Since the real general linear group acts transitively on 
complex structures, we find that the space of such T has dimension independent of 
J. Indeed if dim* V = 2n, then the derivative of the map T Jt has kernel of 
dimension 2n^, and so fibers of dimension also 2n^. The dimension of the base is 
also 2n?, so the map T i—> is a smooth submersion. 

Next we want to show that this map is locally trivial, so that it will be a fiber 
bundle. First, we note once again that J{V) is a homogeneous space under the 
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action of GL (Via)- 
bundle 


So if we pick a particular Jo G J^) then we have the fiber 
GL(G, Jo)-^GL(tiR) 


J{V)- 

Homogeneous spaces are always the base spaces of fiber bundles, with total space 
given by the transitively acting group (a simple exercise often found in differential 
geometry textbooks). Thus this bundle is locally trivial, i.e. to every sufficiently 
small open set U C J{V) we can associate a map U GL (Vr), say g{J), so that 
if J = 9{J) then gJg~^ = Jo- 

We map the fiber 'H{V)j^ above Jo to the fiber 'H{V)j above J by 
To^T = T{J,To)=gTog-\ 

By GL(Vr) equivariance, this is a local trivialization of H(H) ^ JiV), so that 
this map is a fiber bundle. □ 

The reader who wishes to understand this lemma clearly might work out the 
whole story in matrices for H 
An obvious result: 


Lemma 7. If c ^ 0 is a real number, then 

Jt+cI = Jt 


and 


JcT = sign(c) Jt. 


4.8. Back to the great circle fibration. Inside SO (2n + 2) we do not have 
enough room to put our invariant t into a normal form. But if we return to G = 
SL (2n + 2, K) we have enough room to arrange by moving up and down the fibers 
of Hi that at least Jt is normalized: 

/O -1 \ 

1 0 


Jt — Jo — 


V 


-1 

oy 


There is a subbundle B 2 C Bi on which these equations hold. This bundle B 2 is a 
principal G 2 subbundle, where G 2 is the group of matrices of the form 



with 5 o, > 0 and g^gl det ( 5 *) = 1 and where ( 5 *) commutes with J. 

This matrix is now Jq complex linear, so that we can say that the 1-forms 


U! 




are complex multiples of the 1 -forms 


ui, 


2p 




2p-|-l 
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Figure 4. The image under C{z) of the rectangle —1 < Re( 2 ;) < 
1 , 0 < Im(z) < 1 


Written in terms of the complex f2 notation, 

= ^0 + ^^0 

and 

io^p + V^ulp+^ = nPo + 
so that the equation = t* can be written as 

(5) = tp + V^^l) 

with p,q = 1,... ,n, and a complex matrix whose eigenvalues lie in the upper 
half plane. 

Lets write linear fractional transformations using the notation 

a 5] _ az + b 

_c d\ ~ CZ + d' 

Define the Cayley map 

C{z) = ^ ^ z. 

This rational function takes the upper half of the complex plane to the unit disk; 
see figure 4. Solving equation 5 for Dg in terms of Og, we find 

np = sp^}l 

expressed in terms of the Cayley mapped matrix s = C{t). The condition that t 
have all of its eigenvalues in the upper half plane is equivalent to its image s = C{t) 
under the Cayley map having all of its eigenvalues inside the unit disk. In particular, 
for the Hopf fibration, on the subbundle F C i ?2 we find s = 0. 
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Consider the ordinary differential equation 


If we set s = C{t), then 

so that 


ds / 

s{e) = s(0)e-2^® 


evolves by rotation. 

Applying the Cayley map to the matrix t = we find 


s = C'(t) 


evolves by multiplication by a phase factor exp (—2-y/—16*) as we turn around the 
circle subgroup translates. We will see that it is a section of a complex vector bundle 
over the base manifold of the circle fibration (i.e. the manifold parameterizing the 
circles; for the Hopf fibration this base manifold is CP”). 

The restriction of structure group imposed by the equation Jt = Jo requires 
rig to be semibasic as well, for p, g = l,...,n. Recall that the 1-forms 
form a basis for the semibasic 1-forms. The 1-forms fig are semibasic, but (even 
together with their conjugates) they do not span the semibasic 1-forms—only the 
{i = 2,... ,2n + 1) are multiples of them, while co^ is not. 

Taking the exterior derivative of both sides of the equation 


we find the equation 

0 = (dsp + ojis; - - o?) a og 

+ A 

By Cartan’s lemma, this implies that there are constants 

„P = sP aP_ = oP s?- = s?- 

Oqr ^rq’’ ^qr ^rq^ ^qr ^rq 


so that 

(7) 



4 + 

- sPVLls\ = + sCO 


r 

0 


r 

0 - 


We will need to see that it is possible to solve for O?. Consider the operation 
on matrices M ^ M — sMs. We need to show that it is invertible, as long as the 
matrix s has all of its eigenvalues in the unit disk. The kernel of this operation 
consists in matrices M satisfying M = sMs. This implies that 

sMs = s^Ms^, 


etc. so that M = s^Ms^ for all positive integers k. But sufficiently high powers of 
s are strictly contracting, since all eigenvalues of s are in the unit disk. So therefore 
M = 0. This implies that the equation 7 can be solved for as a complex linear 
combination of the 1-forms fig and fig. 

We also find that s is transforming under motions through the fibers of the 
bundle B 2 (via the action of the structure group G 2 ) in a very complicated action, 
which consists of conjugations via the “variables,” and (this is probably not 
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very clear yet, but it will be) linear fractional transformations via the fig — Og and 
ng,n^ “variables.” 

4.9. Linear fractional transformations acting on matrices. Recall that the 
linear fractional transformations 

a 6 ] _ az + b 
c d_ CZ + d 

constitute an action of P SL (2, C) = SL (2, C) / ± 1 on the Riemann sphere, 

gPSL(2,C), z G C U oo. 

The infinitesimal action is 



for 

(“ _'’„)€=>l(2.C). 

The subgroup of PSL (2, C) which preserves the unit disk D, call it Aut(Z)), is 
the quotient modulo ±1 of the group of matrices of the form 

(» i)eSL(2.C) 

subject to |ap — \b\^ = 1. The Lie algebra of Aut(D) consists of the matrices of the 
form 

f b \ 

b —y/^a) 

where a G M, 6 G C. The Cayley map identifies the upper half plane with the 
unit disk, identifying Aut(D) with SL (2,R). There is a (unique up to conjugation) 
connected 2-dimensional subgroup of SL (2, R), which is nilpotent; it consists of the 
matrices of the form 

(» l)„)^SL(2,R) 

with a, 5 G K and a > 0. The quotient of this group by ±1 is the unique connected 
2-dimensional subgroup of PSL (2,]R). Such a matrix acts on the element \/—l in 
the upper half plane by 

^ ^ ab 

0 1/a 

which is clearly a transitive action. 

Under the Cayley map, this 2-dimensional subgroup gets mapped to a subgroup 
N of Aut(D). One can readily conjugate with the Cayley mapping to calculate 
that the elements of N are precisely the elements of PSL (2, C) of the form 

a + ^ + y/—lb b + \/—l (a — i) 


a b 
c d 


( 8 ) 
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where o, 5 G R and a > 0. This group IV acts transitively on the unit disk D, 
because its conjugate under the Cayley map acts transitively on the upper half 
plane. In particular, the Lie algebra of N, call it n, consists of matrices of the form 

(^{Q + Q) Q \ 

V Q -^{Q + Q)) 

where Q can be any complex number. The infinitesimal action on the unit disk 
of such a Lie algebra element, say M, is 

Mz = {Q- {Q + Q) z- Qz^) 

It is clear that a matrix can be plugged in to a linear fractional transformation as 
long as its spectrum lies in the domain where the linear fractional transformation 
is finite. In particular, for s a complex matrix whose spectrum lies inside the unit 
disk, all elements of Aut(Z)) can act on s. Moreover, a one parameter family of 
motions of a matrix s by elements of N is the same as an ordinary differential 
equation like 

J = Q - {Q + Q)s- Qs^ 

where the Q(t) is any smooth complex valued function of a real variable t. 

We will henceforth orient the group N using the orientation of the Lie algebra 
given by the usual orientation of the Q complex plane. Write the Maurer-Cartan 
1-form on N as 

V V' ^ (V’ + ^)/ 

Reconsidering our equation 6 on page 22, we now see that this is precisely the 
sort of motion that s undergoes when we move up the fibers of the bundle i? 2 , at 
least as long as the motion is only in the directions. Indeed equation 6 on 

page 22 tells us that 

dsP = -nl6P + - 125) (mod 125 , 12 D- 

Converting this into uj notation, we find first that 

r^Q — = —'\/—icji 

modulo semibasic terms. This implies that 

dsP = - + ^ 7 i') SP-V^OJ^sP+sPs^^ Qo,, - ^ 7 i') (mod 125 , 

Therefore we can set 

V^ = -f29 

and find that any motion through the leaves of the foliation = 125 = 12 ^ = 0 
effects an action of JV on s^. But moreover, any element of JV arises in this manner, 
since is a connected Lie group, as is obvious from equation 8 on the preceding 
page. 
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Lemma 8. Suppose that s is a square matrix with complex entries, and that the 
spectrum of s is contained in the unit disk. Then there is a unique linear fractional 
transformation belonging to the group N, say 


9 = 


a + i + 5/^6 


b + (a - i) 
a + i - V^b _ 


so that g{s) has trace zero. This transformation g depends analytically on s. 


Proof. Assume s is an n x n matrix. First, suppose that s has trace zero, with 
eigenvalues Ai, A 2 ,..., A„. Then infinitesimal motions under the group N affect the 
trace by 

-dsl = V'- 
n n 

The first term has larger complex coefficient than the second, since having spectrum 
in the unit disk forces 

= — A^ = average squared eigenvalue 
n ^ ^ n ^ 

inside the unit disk. Therefore the differential ds^ as a linear map from the tangent 
space of A to C is orientation preserving, and has full rank, at every zero of s^. In 
particular, all zeros of s^ are nondegenerate and positively oriented, and the set of 
elements g € N at which tT(g{s)) = 0 is discrete, for any matrix s with spectrum 
in the unit disk. 

Since N acts transitively and via isometries of the hyperbolic metric on the unit 
disk, we can arrange that the center of mass of the spectrum, in the hyperbolic 
metric, sits wherever we like. The problem of arranging a vanishing trace is that 
we have to get the center of mass in the Euclidean metric to vanish, and it is not 
obvious that this is possible. 

We will analyze the behaviour of elements of N “near infinity,” i.e. far away from 
the identity element. The points of the spectrum retain their hyperbolic distances 
under maps from N, because the elements of N are hyperbolic isometries, but the 
points of the spectrum become very close in Euclidean norm if any one of them 
approaches the boundary of the unit disk, since near the boundary of the disk, the 
hyperbolic balls of fixed radius are contained in Euclidean balls of very small radius. 
Hence we can easily control the average of the eigenvalues of s, to get the average 
of the eigenvalues close to any number e*® on the boundary of the unit disk, using 
linear fractional transformations from N. 

Using the coordinates a, b for the group N, we can see that elements of N with 
a close to zero (but positive) are close to the constant map 

2; 


which is given by the matrix 

r 1 

1 J- 

This matrix is not an invertible matrix, and obviously the map it generates is not 
either. Nonetheless, applying elements of N near a = 0 to our matrix s, we can 
arrange that the entire spectrum of s lies close to 
Consider the half circle 


a = rcos6, b = rsin9 
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Figure 5. The contour in the group N which we use to achieve 
winding of the trace of a matrix. 


for values of 6 from a little above to a little less than 7r/2. We find that for v 

a large positive number, the origin of the unit disk is taken by this linear fractional 
transformation to 

sin 0 cos 9 — \/—l (l — cos^ 0) 


(1 + cos 0) — sin 9 cos 9 

which, for large r, is close to 




for all values of 0. Now try the path 


a = 1 / \/r, b = ^/rt 


where t runs from —-y/r to ^/r. You will find that the origin is taken to the point 

1 + i 

which, for large r, is very close to the point 

t- ^/^ 

1 

which traverses the unit circle as t runs from —oo to oo. 

Consider any 1-parameter family gg of linear fractional transformations from N 
which stays close to a contour as in figure 5, i.e. near 


a = r cos0,b = rsin0, —TTj2 + e<9<TTj2 — e 

(some small e) and then approaches a vertical line in the a, b plane, close to, but 
just to the right of a = 0, say at a = completing a loop. Applying gg to a 

matrix s, we find that (if the radius r of the half circle in our contour is set large 
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enough) the average of the eigenvalues of ge^s) travels quite near the boundary 
of the unit disk, through a single rotation. In fact, since the hyperbolic distance 
between eigenvalues is preserved by these linear fractional transformations, the 
Euclidean distance shrinks as we approach the boundary of the unit disk, and all of 
the eigenvalues are very close to the average. This ensures that there must be a zero 
of the average of the eigenvalues of g{s) for some value of a, b inside the semicircle 
of radius r, since otherwise the winding number of the average eigenvalue would be 
unchanged as we shrunk the contour down to a point. 

The winding number of the average eigenvalue around the loop is 1, and the 
zeros of tr(g(s)) are positively oriented, so there can only be one such zero, and it 
must depend analytically on s by the implicit function theorem. □ 


For example, consider the transformations g which take s = 0 to a traceless 
matrix. They must look like 


9{0) 



-& + y^(a- i)' 

a+l-y/^b _ 


0 


= (—b + (a — - 


a H- \/—lb 

a 


which can not have vanishing trace unless a = 1 and 6 = 0 , in which case g 
represents the identity transformation. 


4.10. Reducing the structure group. We have seen that we can arrange = 0, 
and that this occurs on a subbundle of B 2 , call it B 3 . Plugging into equation 6 on 
page 22 and taking trace, we find that there are some functions s°, s?, and 
satisfying 


^qr ^u^tr^q ^rq ^u^tq^r 


SO that 


(9) 



with sP = 0 . 


Corollary 2. Inside our bundle B 2 there is a smaller bundle B 3 of points at which 
the trace stf vanishes. The bundle B^ is a principal G 3 bundle where G 3 is the group 
of matrices of the form 

0 50 

0 go 9 ] 

005) 

where (/g > 0 , (gQ)^det (g*) = 1 and (g*) commutes with J. 


Proof. This is the only closed Lie subgroup of G 2 with the required Lie algebra. □ 


Differentiating the equation for Dg in equations 9, we find that modulo semibasic 
terms: 

+ s^ill (mod %, Dg) 

so that as we move up the fibers of B3, we can arrange that s? vanish on a subbundle; 
call it i? C i?3. 
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Corollary 3. Inside our bundle B 3 g'^n+i ^/jg^g jg smaller bundle B g 2 n+i 
of points at which the functions s? vanish. The bundle B is a principal T 1 bundle 
where Fi zs the group of complex matrices of the form 

fffS 9°, 

where > 0 and (<7o)^ |det = 1- (This group is identified with a subgroup 

of G 3 in the manner outlined in subsection 4-4 on page 12 .) 

Proof. This is the Lie subgroup of G 3 satisfying fl? = 0. □ 


Henceforth, we will forget all of the other Bj bundles, and work exclusively with 
the bundle B. 

Our equations 9 on the page before simplify to 



with = 0. But is semibasic on _B, and in fact from the same equations, we 
see that 

' ^pq^^O 

for some functions Sp^, on the bundle B, with symmetries in the lower indices. 
The invariants are related to these by, setting: 

VsO = dsO + (2H0 - 8 ° - sOffP + OOfiP 

and calculating: 

VsO — qO O’" -I- Q’t 

with 5°,, = s).q. If we define 


we find 


Vsl = dsl + - s^n^ + (h° - 

Vs^ = (sP, + dPs)) 5 ° - sPg + sPsi^sl 


“o- 


Differentiating the last of our structure equations we obtain the covariant derivatives 
yVqP — — qPOO OP s’" _ qP O'" qP QO _ qP O’" 

VsG = dsP-r + PtPs),. - sP-M + sP-M - sPgM 

qt qt r qt rt Q qt V qr t 

and we find these satisfy 


V q^ -I- — q^ 0 “ -I- sP 


‘qt 


'^sPg + tP-t = .sP-T.rin + 


S -T- i Lri 
qtu U 


'^qt ' ‘ qt qtu^^ 

where the functions s'... on the right hand sides are symmetric in all lower indices, 
and the t 1 -forms are given by 


J.P _ („o ™ _ P 
‘ qt ~ y^qt'^u ^qr 


,s() + s^gsGs^) nl 


rh = ( s°f6f, - 


qt 


^qt^u 


^qr’^vu’^t 


QU _ P r VQU 


Applying the Cartan-Kahler theorem, we find that these structure equations 
are involutive with general solution depending on 2n functions of 2n variables. We 
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will see this from another point of view below. Since the equations are involutive, 
there is no need to proceed further along the path of the method of the moving 
frame; no further local invariants will appear, except for covariant derivatives of 
the invariants we have already found. 

5. Analogy with complex projective structures 

This section will not be referred to subsequently, and may be skipped. 

Let us once again (for the last time) consider another notation: define 

np = 

LP = LIP - spn° 

Q Q Q 0 

np = 

Calculating exterior derivatives using the equations we have derived so far gives: 

dnp = -rp A a - sP^^sp^ a 

and 

dTP = - LP A + {sppt + flgSP) A n* 

- (sPs°, + sl^sl) A n* 

- (^sPs% + - SPstsf) A n* 

-{sl,s^,i-SPs%sf)n^An^ 

and 

dnp =Tl An,- + 44 ) L!’' A 

- [44q + 4r4q ~ 4q4r) 

-s%slp^AnA 

Modulo the various s functions, i.e. the torsion, these are the equations of a flat 
holomorphic projective structure on the base manifold ^ A of our great 

circle fibration. However, when we include the s functions, we find that they are 
not the structure equations of a projective structure at all—in fact the base manifold 
is only equipped with an almost complex structure, which we will soon see. 

5.1. Invariantly defined vector bundles on the base of a great circle fi¬ 
bration. 

This subsection will not be referred to subsequently, and may he skipped. 

Lemma 9. Suppose that 5'^"+^ ^ is our great circle fibration. The bundle 
B ^ X is a principal Lq bundle where (as in subsection 4-4 on page 12) Lq is the 
group of matrices of the form 

fffo ffg 

Vo 

where all entries are complex numbers and j^g det [gP) P = 1- The representation 

[TP 0 

Vo rf 
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solders the tangent bundle of . There is an invariantly defined almost complex 
structure on X whose holomorphic tangent space T^'^X is soldered by The 
Tform rig solders the principal bundle ^ X. 

Proof. We need to show that the fibers oi B ^ X are connected. But this factors 
as B ^ 5'2”+i ^ X so that the hbers of the first map are copies of Fi, which is 
connected, and the hbers of the second map are circles, hence connected. 

The 1-forms are semibasic for the projection to X. On the hbers of B ^ X the 
structure equations reduce to the structure equations of Fg and its left translates. 
As before, this shows by connectedness of Fg and of the hbers of i? —> AT that the 
hbers are in fact left translates of Fg. Therefore B ^ X is a principal right Fg 
bundle. 

The soldering forms of the tangent bundle of X are unchanged from lemma 2 on 
page 12, but rewritten in complex notation. The almost complex structure on X is 
immediately visible from the structure equations, since the F^ 1-forms solder in a 
complex representation. 

1 have not explained what it means to solder a principal bundle out of another 
one, but it should be obvious. The soldering of fig is just the quotient by Fi of the 
soldering of Fg, which is just ^ X. □ 

The base manifold X is analogous to a complex projective space, and the circle 
hbration 5”^"+^ ^ X analogous to the Hopf hbration. Therefore henceforth we will 
refer to the complex line bundle soldered (on the bundle B X) by fig as O (—1), 
and similarly dehne the line bundles 

o (p) = o 

Be careful to note that these are bundles on X and are complex line bundles. We 
will never again refer to the similarly named real line bundles on which 

were introduced simply to encourage an analogy between the soldering of these 
^ ip) ^ ^ bundles with the similarly named bundles on projective spaces. 

From here on, we will use the notation W for any complex representation W of 
Fg to mean the vector bundle 


W={BxW) /Fo 


a: 

constructed in the same manner as in subsection 4.2 on page 7. For example, we 
will introduce the complex vector bundle V out of the complex representation of 
Fg given by the identity representation (recall that elements of Fg are complex 
matrices). 

Lemma 10. 

t1’°a: = o (1) (g) (v/oi-i)^. 

Proof. This is immediate from working out the soldering in 1-forms. □ 
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The equations satisfied on the bundle i? by a section of V are 




(nl HO H0\ 

//°\ 

f 


HO HO HO HO 


F 


Hg H? QP H^ 

.F 

\f) 


Vng H^ Hf Hf/ 

\fV 


Plugging in our equations on and we might first get the impression that /° 
is a holomorphic section of some line bundle. But the factor is not semibasic, 
so this is not actually soldering any line bundle. 

Although V is topologically trivial, it is not obvious that it is trivial as a complex 
vector bundle. Any complex line bundle which is topologically trivial as a real 
rank 2 bundle is also trivial as a complex line bundle, since the space of complex 
structures on a real 2-plane of fixed orientation is contractible. But this is no 
longer the case in higher dimensions. The universal example is DetP ^ JT (V). I 
still don’t understand that example; although it has nonzero curvature, that is not 
incompatible with flatness, because the curvature might not be of fixed sign, and 
more importantly the base space J' (V) is not compact. 

6. Homogeneous great girgle fibrations 

A symmetry of a great circle fibration which preserves the flat projective struc¬ 
ture on the sphere will necessarily act as a symmetry of the right principal bundle 
B ^ X. Suppose that the symmetry group acts transitively on B. Then the invari- 
antly defined functions s°,sP etc. must all be constants. Plugging this hypothesis 
into our equations for covariant derivatives, we find that all of the invariants vanish, 
and applying the Frobenius theorem, along with simple connectivity of X, we see 
directly that the great circle fibration is a Hopf fibration. 

Theorem 3. The symmetry group of a great circle fibration acts transitively on 
the adapted frame bundle precisely if the fibration is a Hopf fibration. 

Theorem 4. The symmetry group of a great circle fibration injects into the bundle 
B, so that it is always of dimension at most that of B, i.e. 

dim Aut < 2(n -|- f)^ — 1. 

Moreover, equality occurs only for the Hopf fibration. 

Proof, li (j) : B B is a. symmetry, then by definition it preserves great circles, so 
(j) = g G SL {V). If we arrange that the identity element / S SL {V) belongs to B, 
then gl = g G B, so in fact the diffeomorphism is an element of B. Therefore 
the symmetry group is actually a subgroup of SL (P) sitting inside B. Moreover, 
the symmetry group is closed, since the condition of being a symmetry is a closed 
condition. Therefore it is a Lie subgroup of SL (V) lying inside B. 

If the symmetry group has the same dimension as B, then it is an open subset 
of B, say U, and a closed subgroup of SL (P). But H C SL (P) is also closed, so U 
is both open and closed in B, and therefore a union of path components of B. But 
B is connected, since it is a bundle 

Ti- ^B 


g2n-\-l 
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with connected fibers and base. Therefore the symmetry group is precisely B. This 
forces all of the invariant functions s on B to be constants, and then the structure 
equations force them to vanish. □ 


7. Embedding into the Grassmannian of oriented 2-planes 


Recall that G = SL (V) and Gdrcie is the subgroup preserving the oriented great 
circle on 5'2"+i passing from eg through to Ci. The space G/Gdrde is naturally 
identified with the space of all oriented great circles on the sphere, or with the space 
of oriented 2-planes in V: 

G jG circle = Gr (2, Y). 

We find that Tq C Gdrcie so that a fiber bundle 

G/Tq ^ G jG circle = Gr (2, V) 

is defined, with fibers being homogeneous spaces of Gdrcie equivariantly diffeomor- 
phic to Gcircle /^0 which is the space of all complex structures on V which have the 
oriented 2-plane (cq, ei) as a complex line. 

We can map 

X = B/Fo ^ G/To ^ G/Gcircle = & (2, E). 

Lemma 11. This map X Gr(2,E) is an embedding. 


Proof. First, we will see that the map is injective. If two points x,y G X get 
mapped to the same place, then they correspond to the same great circle, since X 
is parameterizing the great circles of our fibration, and Gr (2, V) is parameterizing 
all great circles. So the map is injective. 

Next, we have to differentiate to see that the map is an immersion. To do this, 
we pull back a local coframing by 1-forms on Gr (2, V) to X and show that it 
contains a coframing for X. But then it is sufficient to pull the coframing back to 
B and show that on B every semibasic 1-form for the bundle map B ^ X can be 
expressed as a linear combination (with real functions as coefficients) of the 1-forms 
from the coframing from Gr (2, V). 

The semibasic 1-forms for the map G —> Gr (2, V) are precisely those compli¬ 
mentary to the Lie algebra of Gdrcie, he. they are the 1-forms 




and their complex conjugates. Therefore any coframing on Gr (2, V) pulls back to 
G to be a combination of these 1-forms, and conversely they are combinations of 
the 1-forms from the coframing. But pulling back to B, we find only the relations 


fig = s^ni 


The remaining semibasic 1-forms fig span the semibasic 1-forms on X. Therefore 
the map is an immersion. An injective immersion of a compact manifold is an 
embedding. □ 


A consequence of the proof is that these sg invariants can be expressed in terms 
of the first derivative of the embedding X Gr(2,E). Moreover, the embedding 
clearly determines the great circle fibration entirely. This embedding is a more 
useful way to examine great circle fibrations than looking directly at the sphere. 
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because a perturbation of great circles on the sphere can never be local, while it 
can be local on X, as a small motion of X inside the Grassmannian. 


8. Characterizing the submanifolds of the Grassmannian which 

REPRESENT GREAT CIRCLE FIBRATIONS 


Consider an immersed submanifold t. : X ^ Gr {2, V) in the Grassmannian of 
oriented 2-planes of a vector space V. Assume that dim V = 2n+2 and dim X = 2n. 
Our next problem is to characterize when X represents a great circle fibration. The 
tangent spaces to Gr (2, V) are canonically identified with 

TpGr (2, V) ^ Lin (P, V/P). 

So TpX is identified with a subset 


TpX ^UpC Lin (P, V/P). 

We have a map 

ap : P ^Uti{Up,V/P) 

defined by 

(11) ap(p)(u) = u{p) for p G P and uGlJp. 

Note that for each p G P the map 

ap{p) G Lin(Pp,y/P) 

is a linear transformation between vector spaces of the same dimension. For each 
p G P we can define the polynomial 

Cp(p) = det a{p) G Lin (Det (Up), Det (V/P)). 

which is a polynomial not valued in real numbers, but in the one dimensional vector 
space Lin (Det (U p), Det (V/P)). We define the characteristic variety Sp to be the 
projective variety in the projective line CP(P Or C) cut out by ^p. 

Definition 1. An immersed submanifold i : ^ Gr(2,D) (where dimD = 

2n + 2) is called elliptic at a point P G X if the characteristic variety Sp has no 
real points. ® 


In terms of the characteristic variety, it is clear geometrically what the Gayley 
transform means. The idea is that we have IRP(P) C CP(P) a real circle on a real 
sphere, cutting it into two halves. The orientation of P chooses one of these halves: 
P being oriented orients KP(P) and the complex structure on CP(P) orients it. 
This coorients ]RP(P), picking out a half. The fact that the characteristic variety 
does not lie on the RP(P) means that it consists in a finite set of points lying on 


®This definition is obviously motivated by elliptic partial differential equations. The relevant 
partial differential equations in this case are simply the first order equations requiring a surface 
in V to have tangent planes belonging to X. From the perspective of elliptic partial differential 
equations, it is then natural to call X elliptic. But from the point of view of algebraic geometry, we 
imagine X as something like a complex projective space, and so a name that suggests a projective 
space (say, neo-projective or nearly projective or something) would be natural. There is nothing 
elliptic about complex projective space, from the perspective of elliptic curves or surfaces. This 
is partly the fault of algebraic geometers, who don’t consider ellipses to be elliptic curves, and 
partly the fault of the analysts of partial differential equations, who call anything elliptic if it 
reminds them, however vaguely, of the Laplace equation, where they have seen ellipsoids forming 
the characteristic variety. 
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that half, and their conjugates on the other. The linear fractional transformations 
we used are just real reparameterizations of P. These enable us to move these 
points of the characteristic variety around, by isometries of the Poincare metric. 
We then pick out a choice of how to move the points: to obtain vanishing trace of 
the invariant. This is just picking out a specific choice of linear map from the 
family parameterized by P. 

The Grassmannian Gr (2, V) is a homogeneous G = SL {V) space, and we can 
write Gr (2, V) = GjGcircle- Gonsider the pullback bundle 

l*G -^G 


Gr(2,y) 

which is a principal Gdrcie bundle. On G we have our old Maurer-Gartan 1-forms 

uiS a;? 

wj w] . 

The group Gdrcie is precisely the connected subgroup of G satisfying 

ujI=ui[= 0 . 

Therefore the 1-forms span the semibasic 1-forms for the map G ^ Gr (2, V). 

On the pullback bundle over X, these 1-forms are no longer independent, since 
there are fewer degrees of freedom along X, in fact half as many, since dimX = 
i dim Gr (2, V). 

We need to consider how to express the G invariant identification 
TpGv (2, V) ^ Lin (F, V/P) 

in terms of these 1-forms. Recall how the identification is constructed: take any 
family of 2-planes P{t) G Gr (2, V), and any family of linear maps : V ^ W 
for some fixed vector space W of dimension dim W = dimG — dimP(t), with the 
maps (j){t) chosen so that ker (j){t) = P{t). Write for the induced map 

0(t) : V + P e V/P{t) 4>(t)(v) G w 
which is defined because ker(/>(t) = P(t). Then identify 

P'(t) : P ^ V/P 

This is well defined because if is any other choice of maps replacing with 
the same kernel, 

'll’(t) 

0-^ P(t) -^ V —^ U -^ 0 

then differentiating the equation 

shows that 

so that the resulting map in Lin {P{t), V/P{t)) is independent of the choice of map 
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So far this only defines a map 

TpGr (2, V) Lin (P, V/P). 

We need to pick some local coordinates on Gr(2, y), and we will take them as 
follows: for any 2-plane Pq G Gr (2, V) , we take coordinates ,y^,..., on 
V so that Pq is cut out by y = 0. Then 2-planes near Pq are cut out by equations like 
y = px where p is a 2n x 2 matrix. These p are our local coordinates on Gr (2, V), 
and one can easily compute the transformations of coordinates if we change the 
choice of Pq and the choice of coordinates x, y. In these coordinates, we can take 
(j)p{x,y) = px — y as our map, with kernel P. Then we find that for any family 
P{t) with P(0) = Pq we have p(0) = 0 and 

(j){0)(j)' {Q)x = p'{0)x 


or 

^(0)</>'(0)=p'(0). 


Therefore this map 

TpGt: (2, V) Lin (P, V/P) 

is an isomorphism. Equivariance under linear transformations of V is obvious. 

Returning to the 1-forms ojq and uj\, recall that the fiber of the bundle G 
Gr (2, V) over a point P G Gr (2, V) consist precisely of the elements of G taking 
the plane (cq, ei) to the plane P, preserving orientation. Therefore we can define a 
map 

4>g :V ^V/ (eo,ei) 

with kernel P by 

</giv) = g~^v -b (eo,ei). 


We find 


0 ^ d(j) = —dg g ^ + P 


or 

g~^ (0"^ d(j)\p)g = - w|(eo,ei> + (eo,ei) 

= -{^0 wl) + (eo,ei). 

Perhaps a little more concretely, if Q G TG is a tangent vector, and a G (eo,ei), 
we have 


(12) g 1(0 ^ d<j){Q)\p) ga = - +ujl{Q)a^) . 

Lemma 12. If X C Gr (2, V) is the base manifold of a great circle fihration, then 
X is elliptic at every point. 


Proof. Pick a point P G X and a point g G B which is taken by P ^ X to P. 
As expressed in terms of Wq, w) above, we found earlier that a great circle fibration 
satisfies uj\ = fjUiQ, with a real 2n x 2n matrix with no real eigenvalues. For each 
vector u G TpX we can write its components in the coframe® ujq as ■uL Each point 
a®eo + a^ei G (cq, ei) is carried by g to an element of P and we identify these. We 
find that in terms of equation 12, the map ap defined in equation 11 on page 33 is 


®The reader who is keeping track of what spaces we are working in will be puzzled to read that 
the lOq are a coframe on X. What we mean of course is that since the are semibasic, at each 
point g G B we can form the coframe u/q on TpX from which these oJq are pulled back. These 
iilo G (TpX) change as we move up the fibers oi B ^ X. 
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given, up to factors of g and g ^ (which won’t affect the vanishing of the relevant 
determinant) by 

a (a°eo + a^ei) {u) = aPu^ + = (a°(5* + uK 

Therefore the polynomial is 

(a°, a^) = det + cPPj) ■ 

If = 0 then a zero of ^p can only occur at aP = 0. Therefore, taking ^ 0, we 
find that 

^P = (ai)""det + . 

A real zero of ^p therefore corresponds precisely to a real eigenvalue of t*. Conse¬ 
quently, if X arises from a great circle fibration, then X is elliptic. □ 

We will now take an elliptic immersed submanifold X C Gr (2, C) and apply the 
method of the moving frame to calculate its structure equations. 

Lemma 13. Suppose that t : X ^ Gr (2, V) is an immersion of an elliptic sub¬ 
manifold. Then there is an invariantly defined principal right Tq subbundle B ^ X 
and a To equivariant map 

B -^SL(y) 


A-^Gr (2,G) 

which satisfies the structure equations of a great circle fibration of the sphere 
Moreover, X is locally a great circle fibration. 

Proof. Consider the bundle 

l*G - 


X -^Gr(2,y). 

As before we will write fgiv) = g~^v + (eg, ei) giving a map 

(fg-.V ^V/{eo,ei) 

with kernel P = g (eo, ei). Again we have the equation 

—g~^ {4>~^d 4’\p) ga = WgO® + ijj\a} 

for a G (eo,ei). We know that the C/(eo,ei) valued 1-form Wga° + u\a^ is a 
coframing on TpX for each a ^ 0, precisely expressing ellipticity. So w) is a 
coframing, as is Wg. Consequently there is an invertible linear transformation so 
that 

i li i 
UJl — tjUjQ. 

We must have 

w(,a° -k ivla^ = -k aH)) wj 

also a coframing, as long as a 0. This says precisely that f* has no real eigenvalues. 
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After this, we have obtained exactly the same structure equations as in equa¬ 
tion 1 on page 12. Then we repeat the entire development of those structure 
equations, identically. 

Given the resulting structure equations, we wish to construct a local great circle 
fibration out of a portion of X. Consider the circle bundle T, ^ X consisting of 
pairs (P, [u]) where P G X and v G P G V with v 0 and as usual [u] means v up 
to positive rescaling. Consider the map 

given by 

$(a;, [v]) = [t>]. 

We wish to show that d) is a local diffeomorphism. This E is the principal circle 
bundle associated to the complex line bundle The isotropy group of a 

point of E inside the structure group of P ^ AT is precisely the group Ti. We have 
maps 

B - 


E -^ 


a:. 

Working out the semibasic 1-forms for the maps G g 2 n+i P ^ E, we 
find they are identical. Therefore the map is a local diffeomorphism. Moreover the 
fibers of P ^ E are contained in the left translates of the group Gcircle by structure 
equations, so these fibers sit in great circles on the sphere. □ 

Taking any matrix with no real eigenvalues, build the subspace of linear maps 
of the form 

(a°(5;- -f ah]) 

for u G and you have a linear subspace inside Lin which you think 

of as a subspace of some tangent space to a Grassmannian. Then you can take any 
submanifold of the Grassmannian with that tangent space at that point, and you 
have (at least near this point of the submanifold) an elliptic submanifold. So there 
are lots of elliptic submanifolds, locally. 

Proposition 1. A submanifold of the Grassmannian is the base of a great circle 
fibration precisely if it is elliptic, compact and connected. 

Proof. We have seen that the base of a great circle fibration is elliptic, compact 
and connected. Let X C Gr (2, V) be elliptic, compact and connected. The map 
<I) : E ^ ^ 2 n-i-i lemma 13 on the facing page is a local diffeomorphism, taking 
fibers of E ^ AT to great circles. The space E is the total space of circle bundle 
over AT, so compact. Because the sphere p^n-i-i jg connected, this forces $ 

to be a diffeomorphism. The map 5”^"+^ ^ AT is therefore defined, and satisfies our 
structure equations, so is a global great circle fibration. □ 

Corollary 4. Given a great circle fibration 5”^"+^ ^ X, every G^ small motion of 
X inside Gr (2, V) is the base of a great circle fibration. So there are lots of great 
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circle fibrations, and they admit lots of deformations. The normal bundle vX of X 
inside Gr (2, V) has fibers 

vpX = A°’i (P) V/P 

for P G X (so P C V a 2-plane) where the relevant complex structure on P and 
V/P is Jp. So vX = The great circle fibrations near a given great circle 

fibration 5”^"+^ ^ X are “parameterized” by sections ofvX close to the zero section 
(for example, by using a Riemannian metric on Gr (2, V) ). Hence the general great 
circle fibration depends on 2n real functions of 2n real variables. 

Corollary 5. The space of great circle fibrations is an infinite dimensional 
manifold, for k > 1. 

9. A TASTE OF ELLIPTIC PARTIAL DIFFERENTIAL EQUATIONS 

This section will not be referred to subsequently, and may he skipped. 

Part of the story could be told like this: given a real surface C and an immersion 
(j) : C ^ V to a vector space V, construct the map : C ^ Gr (2, V) giving the 
tangent plane. If the image of (fi is always in A C Gr (2, V), then we will call it an 
immersed X curve. The X curves are the solutions of an involutive elliptic first order 
system of 2 partial differential equations for 2n functions of 2 variables. Another 
approach: consider pseudocomplex manifolds, as in section 16 on page 49. 

10. Inapplicability of methods to prove the /i-principle 

This section will not be referred to subsequently, and may be skipped. 

The relation of ellipticity for a submanifold of the Grassmannian is open but 
not ample in the sense of Gromov’s theory of convex integration. This makes it 
unlikely that convex integration can be applied here. 

Because the relation is open, it is microflexible. I believe that some deformations 
of elliptic submanifolds nowhere parallel to a given hinge are not microcompressible 
(see page 81 of Gromov [8]); if so this makes the sheaf of elliptic submanifolds with 
given hinge not flexible, and then the same is true for the sheaf of all elliptic 
submanifolds. So probably we can not apply the method of sheaves. 

The ellipticity relation is not the complement of a hypersurface in the 1-jet 
bundle, so we can not apply the method of elimination of singularities. It is not 
defined by a differential operator, so we can not apply the method of inversion of 
differential operators. 

11. The osculating complex structure 

Recall that Jo is our fixed complex structure on V. The space of all complex 
structures on V with the standard orientation is 

j (V) = G/r = SL (V) / SL (V) n gl (v, Jq) . 

Now consider an elliptic submanifold X C Gr (2, G). Since B C G we can map 

B^G^G/r = J{V). 

In fact, since Tq C F, we can map 

A = B/To ^ G/Fo ^G/r = J (V). 
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We can obviously do better: the space G/Fq is naturally identified with the space 
of all pairs (J, P) where J is a complex structure on V, and P is a real 2-plane 
which is a J-complex line, i.e. JP = P. Then we can map 

X = P/Fo ^ G/Fo 

to this space. When X is the base manifold of a great circle fibration, this map is 
an embedding, since P C G is embedded. More generally, it is an immersion. We 
will write for P € X the corresponding point in JF (V) (i.e. complex structure on 
V) as Jp. So P C V is a Jp complex line. 

The bundle 1^ ^ X is actually pulled back from JF (V). This is immediately 
clear from looking at the isotropy groups: 


P-^G 


F" 

X- 


r 


J{V). 


Since Fq C F C G, and is a G module, so a F module, we find that V is defined as 
a bundle on JF {V). The bundle Det is defined to be the complex determinant 

line bundle, which is defined because F is a complex Lie group. This Det is 
soldered by 

A = + QP) . 

Differentiating, we find the curvature of Det is 

F = dA = A A Dg - A - 7^12° A 

which is a (1,1) form on JA {V), invariant under complex conjugation, i.e. 

F = F. 


For each J & J (V), let Xj C Gr (2, V) be the base manifold of the associated 
Hopf fibration, i.e. Xj is the set of J complex lines, suitably oriented. 

Lemma 14. Recall that there is a canonical identification Gr (2, V) = Lin (P, V/P). 
Suppose that Xj C Gr (2, V) is the base of a Hopf fibration. Then TpXj C 
TpGr (2, V) is identified with the subset of J linear maps. The map Xj J (V) 
constructed above is constant, mapping to J. 

Proof. By SL (V) invariance, we only have to prove the result for the standard 
complex structure J on V = Then the first result is an easy calculation, 

while the second is immediate from the structure equations: 

f}? = 0° = = 0 

on Xj, and the fact that Xj is connected. □ 

Definition 2. Suppose that p^n-i-i ^ ^ is a great circle fibration. Fix a point 
P € X, and the complex structure Jp. Then the Hopf fibration p^n-i-i ^ 
called the osculating Hopf fibration to X at P. Note that 

P € XjpDX cGn: (2, V). 
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Lemma 15. The invariant (s^) vanishes at a point P G X on an elliptic subman¬ 
ifold X C Gr (2, V) precisely when the osculating complex structure Xjp at P is 
tangent to X inside Gr (2, V). 

Proof. We showed already that this invariant is determined by the 1-jet of the 
immersion X ^ Gr (2, V). □ 


Lemma 16. An elliptic submanifold X C Gr (2, V) is locally the base manifold of 
a Hopf fibration Xj precisely if X all of the s invariants vanish: 


sP = s° = s^- = s?- = =0 

'^r ’^qr ’^qr '^pq ’^p,Q ^ 


which happens precisely if the map X ^ J (V) constructed above is constant. 


Proof. The 1-forms which are semibasic for the map G ^ J (V) are precisely the 
n with no bars, i.e. Og, so the fig are all semibasic. This means that we pull 
them back when we differentiate the map X ^ J (V), and nothing else. Hence the 
map X {V) has vanishing differential, and consequently is locally constant, 

precisely when all of these invariants vanish. Gonversely, if they all vanish, then 
our structure equations become the same as for the Hopf hbration, and the result 
follows by the Frobenius theorem. □ 


Corollary 6. A submanifold X C Gr (2, V) is the base of a Hopf fibration precisely 
when it is compact and connected and all of the s invariants vanish. 


We have an inclusion map 

J{V) ^ GGF(H) 

(where GGF(H) means the space of great circle fibrations of the sphere (H\0)/]R+, 
and fT {V) is the space of complex structures) given by mapping a complex structure 
to its Hopf fibration. Conversely, if we pick any nonzero vector v G V, we can 
associate to any great circle fibration tt : ^ X the osculating complex 

structure to X at the point x = tt (v). The diagram 


GCF(H) 



which sheds some light on the algebraic topology of the space of great circle fibra¬ 
tions. 


12. Recognizing the Hope fibration 

This section will not be referred to subsequently, and may be skipped. 

Theorem 5. Given a great circle fibration ^ X with n > 1 (i.e. not 

X'^), the sP invariant vanishes precisely when the fibration is a Hopf fibration. 

Proof. If the invariant vanishes, then the structure equations determine that 

n _ „P I AP ()P - t)P 

So if n > 1 (i.e. our sphere 5 ' 2 ”+i has dimension at least 5) this last equation says 
that 
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Differentiating our structure equations, we find that finally this forces all invariants 
to vanish, so that by the Frobenius theorem the result follows. □ 

The gP invariant for 5”^ ^ great circle fibrations vanishes, although great 
circle fibrations of are generically not Hopf fibrations. 


13. “Hyperplanes” 


Given a real valued 1-form ^ G on H we can define a section of the bundle 
V* ^ X hy setting a^{x) to be This determines a function f : B ^ V* hy 

fig) = fg- 

This function satisfies 

0 = d 

Because ^ is real, 

fo=7o and fp = fp. 

The bundle O (1) ^ X is a quotient bundle of V, and these sections determine 
sections of the quotient which are just the functions /q. They satisfy 

dfo - HO/o = /oHO + fp% + fpill 


Hg nl 

Dp ftp n® 

HO HO H? H| 


In particular, they are not holomorphic unless certain s invariants vanish. 

Suppose that ^ 7 ^ 0. Consider the locus (/o = 0) inside X. (Of course, we should 
write it as something like (ctq = 0) since /o is really a function on B, not on X.) 
At each point of this set, 

dfo = AH« + 

This can’t vanish, since fo = 0 forces some fq 7 ^ 0. Therefore the “hyperplanes” 
determined by vanishing of these sections of O (1) are smooth submanifolds of X. 
They are the analogues of complex hyperplanes. It is not clear so far whether they 
are connected (it will be soon). 


14. The Sato map 

Sato [12] constructed a map from the base X of a great circle fibration into a 
complex projective space. Yang [14] pointed out that this map was not well defined. 
We will now present a very similar (but obviously well defined) map, which we will 
call the Sato map. 

To motivate it, consider any complex structure J on our vector space V. As we 
have remarked above, this J by definition is a linear map .J : V V satisfying 
= —1, and therefore J has two eigenspaces C Vc = HGrC, where 

is the eigenspace with eigenvalue is the eigenspace with eigenvalue 

We thereby obtain two complex projective subspaces 

CP ,CP ( 1 /°’^) C CP(Vc). 

We can identify V with by 

V £ V ^ V — G 
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and projectivize this map to identify 

cp(y) = CP 

(where the left hand side means the space of J complex lines in V). The copies 
of CP" inside CP (Vc) that occur this way are precisely those with no real points, 
not intersecting ]RP(C). So the generic CP" C CP (Vc) occurs in this way. We will 
now imitate this story in the context of a general great circle fibration. 

Consider a great circle fibration ^ X. Take any x G X. This x may be 

identified with an oriented 2-plane a; C V^ since X C Gr (2, V). There is a complex 
structure Jx on V for which a; is a complex line, defined in section 11 on page 38. 
Then we map a; ^ Vc by 

a :vGx^v — ^/—IJxV € Vc • 

Since the fiber of ©(—I) —> X above x is just a; C V^ itself, the Sato map a is 
defined on the total space of O (— 1 ). 


Lemma 17. The Sato map satisfies 

O' (Jxv) = V^o{v) 


for any v G x G X. 


Proof. 


O — Jx'^ a / ^JxJx^ 

= {v - V^Jxv) . 


□ 


As a consequence, a takes the Jx complex line a; to a complex line o(x) in Vc. 
Define the Sato map 

a:X^ CP(Cc) 

to be the map that assigns to x the line a{x). This gives a morphism of bundles 

^ ^ ^ (~^)cP(Yc) 


X-^^CP(l/c) 

which is complex linear on the fibers. Moreover it is equivariant with respect to 
action of SL (M). The action of SL {V) on CP (Vc) is by biholomorphisms (indeed, 
by projective automorphisms). 

Lemma 18. The Sato map X CP (Vc) is injective. 

Proof. Suppose that a(x) = o(y). Then for any v G x and w G y we must find a{v) 
and a{w) on the same complex line in Vc. Therefore, 

a{v) = v—^/—lJxV = [a + [w — \/—lJyw) = (a -|- bJy) w+\/^l (6 — aJy) w 

which implies that 

V = {a + bJy) w G y. 

But the fiber above y is Jy invariant, so v and w lie on the same great circle fiber, 
and therefore x = y. □ 
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Let us look at the locus of points z & Vc so that z z = 0 G This 

projects to a variety A C CP (Vc) ■ We can parameterize this variety as follows: a 
vector z G Vc satisfies z A z precisely when it has the form z = v + \/—lw with 
V and w belonging to the same real line in V. Multiplying by a suitable complex 
number, we can get z = v € V . So we can identify each element of A with a vector 
in V up to real multiples: 

A = MP {V) 

i.e. A consists in the real points of CP (Vc) ■ 

Lemma 19. The space S {V) = CP (Vc)\]RP(y) is canonically identified with the 
space of pairs {P,j) where P C V is a 2-plane, and j : P ^ P is a complex 
structure. 


Proof. Membership in IR.P(1A) is precisely given by the equation z A z = 0 and 
therefore the solutions in Vc consist precisely in vectors z = u + so that 

V Aw = 0, i.e. v,w G V belong to the same real line. Therefore away from ]RP(1A), 
points [u +G CP(Vc)\RP(C) map to 2-planes P = [vAru]. To a point 
[u-I-G S (V) = CP (Vc) \RP(C), attach the complex structure j which 
maps 


jv = —w,jw = V . 


It is easy to see that this is well defined. On the other hand, given an oriented 2- 
plane P with complex structure j and a point v G P\0, map it to C^ (v — . 

This clearly gives continuous maps in each direction between 5(0) and the space of 
2 -planes with complex structures, and these maps are easily seen to be inverses of 
one another. Since the space of 2-planes with complex structures is a homogeneous 
space of SL(0), and the maps are SL (O) invariant, both sides are homogeneous 
spaces and these maps are equivariant diffeomorphisms. □ 


The fibers of S {V) Gr (2, V) are thus the complex structures on a given 
oriented 2-plane P, forming a copy of the hyperbolic plane. We can look at the same 
2-plane P with the opposite orientation, and find another such hyperbolic plane. 
These two planes are glued together inside CP (Vc) along the real locus of points of 
the projectivization of P, in other words the points of these two hyperbolic planes 
are the complex points of the projectivization of P. Thus the fibers of S {V) 

Gr (2, V) are open subsets (“halves”) of the complex points of real projective lines 
in CP (Vc). 

We can work the structure equations for this bundle quite easily: the 1-forms 
rig, Hq, fig are semibasic (because they are independent on G but vanish on the 
structure group) and they satisfy 

fK\ 

A\nU+n°A 

^ _ 

torsion 


0 \ 

(13) d llg = - np 11? - 0 

Wo V 



From this expression, we find that the 1-forms Og, Og, llg vary in a complex linear 
representation under the action of the structure group. Declaring them to be (1,0)- 
forms for an almost complex structure, we find that the torsion consists entirely of 
(1,1) forms, so that the almost complex structure is a complex structure. So S {V) 
is a complex manifold. 
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Lemma 20. The complex structure on S (V) given by the structure equations 13 on 
the page before is the same as that given by the embedding S iV) C CP (Vc). 

Proof. The generic CP" C CP (Vc) lies in S (V) and occurs as the base of a Hopf 
fibration. From the structure equations of a Hopf fibration we see that these are 
complex submanifolds in that complex structure. But they are obviously complex 
submanifolds in the CP (Vc) complex structure. The complex structures on these 
CP" submanifolds agree, as we can see directly looking at the construction of the 
Hopf fibration. Since the tangent planes to these CP" form an open subset of n 
dimensional complex tangent planes, they force both complex structures on S {V) 
to agree. □ 

The two zeroes in these structure equations, in the expressions for dOg and dflg, 
show that this manifold is fibered by complex curves, defined by the equations 

= Og = 0 

and these are of course the fibers of 

5 [V] Gr (2, V) 

since the 1-forms fig, fig are semibasic for this map. Moreover, we see that Gr (2, V) 
is not a complex manifold, because its structure equations do not organize in this 
way: indeed the representation of the structure group does not preserve a complex 
structure. The torsion terms up on S {V) have to be reorganized into the soldering 
1-forms on Gr (2, V). 

Corollary 7. The Sato map a : X ^ S {V) C CP(Vc) is an embedding. The 
complex line bundle O (—l)x ** ^^6 pullback of the complex line bundle O (~l)cp(Vc) 
by a. The image of the Sato map determines the great circle fibration ^ X 

completely. 

Proof. The map X —> Gr (2, V) is an embedding, and the map S {V) —> Gr (2, V) 
is an SL (V) equivariant fiber bundle. □ 

Corollary 8. The “hyperplanes” in X which were discussed in section 13 on 
page 41 are the intersections of X with complex hyperplanes in CP(Vc). 

Proof. This is just saying that since O (—l)x is the pullback of O (—l)cp(Vc.)’ there¬ 
fore the dual of the pullback, i.e. O ( 1 )^ , is the pullback of the dual. □ 

But what about the requirement that the 1-forms used to cut out the hyperplanes 
are supposed to be real valued? Take a real valued 1-form G V* and split it into 
complex linear and conjugate linear parts on Vc by 

[v + V^w) = ^{v) + 

and 

(v + y/^w) = ^{v) - 

Then we take the part and use it as our guy. It cuts out a hyperplane of 
V -I- -y/lMw SO that f{v) + y/^f{w) = 0, i.e. where both f{v) and f{w) vanish. 

The Sato map is given by taking elements of Vf: and using them as sections of 
O (—l)jf and then using that to make an embedding 

P ^ [cto(P) : • • • : (J2niP)] ■ 
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Figure 6 . Slicing with CP”''"^’s containing a given hinge CP" 


15. Identifying the base of a great circle fibration with complex 

PROJECTIVE SPACE 

Consider again the Hopf fibration, and its base manifold Xj. This sits inside 
CP (Vc) as a linear subspace, cut out by the equation 

Jz = ^/—Iz. 

So it is a linear projective subspace, 

Xj = CP" C CP^"+^ = CP (Fc) ■ 

If we pick another linear CP" subspace, call it CPq, which is not parallel to Xj, 
we can look at the family of all linear CP"’*'^ subspaces containing CPq. These 
(j^pn+i)g each intersect CP" in a unique point transversely. We will call the 
CPg a hinge. 

On S {V ), the 1-forms fig, fig, fig form a complex linear coframing, and if this 
coframing comes from a point of the adapted bundle B Xj, then the tangent 
space of Xj is given by = 0. The CP"~''^’s striking this Xj = CP" 
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transversely at this point must be given by a set of complex linear equations 

The intersection of a with the submanifold Xj inside CP (Vc) is described 

in our bundle B by the equations 

0 = 

cutting out the CP"'*'^ together with the equations 

0 = = Og = ffO = 

cutting out the Xj = CP". 

Now if we repeat this story using a general great circle fibration X, as 

in figure 7 on page 48, we find that a tangent space to X C 5 {V) is given in an 
adapted coframe by 

QP - oPO? 
qO — oOoP 

while the osculating Hopf fibration Xj (for J = Jp, osculating at point P G X) 
satisfies similar equations 

ffg = 0 
= 0. 

Therefore the CP"~''^’s transversal to Xj are precisely the same as those transversal 
to X. Moreover, the intersections with X are positive. 

Returning to the Hopf fibration Xj = CP" C CP"’*'^, take any other CPg C 
Cp"+i gQ jg parallel to Xj, i.e. so that CPg U Xj is not contained 

in any CP"’*'^. Call such a CPg a hinge. Lots of these exist. Take all CP"’*'^ in 
CP(Vc) containing CPg. Each of these strikes Xj at a single point transversely, 
so we can identify Xj with the projective quotient CP (Vc) /CPg = CP", i.e. with 
the projectivized holomorphic normal bundle at any point of CPg. 

The same procedure works for a general great circle fibration X. 

Definition 3. We will say that a linear subspace CP" C CP(Vc) = CP^"’*’^ is 
parallel to X at a point P G X if it is parallel to the osculating Hopf fibration Xj 
for J = Jp. Conversely, a linear subspace CP" C CP (Vc) is called a hinge for X 
if first it is nowhere parallel to X and second it does not intersect X. 

Take any hinge CPg C CP^"’*'^ for X. Each CP"’*’^ passing through CPg will 
strike X transversely and positively in a finite set of points. First, we want to see 
that a nonparallel CPg exists, and second we want to see that each of these CP"’*'^ 
intersects X at a, unique point. Then we will have identified X with the space of 
Cp"+i inside CP^"”*"^ containing CPg, i.e. with CP". 

Lemma 21. For any great circle fibration 5'^”+^ ^ X, sitting X inside CP (Vc) 
by the Sato map, there is a hinge for X. Moreover the hinges for X form a dense 
open subset in the space of linear CP" subspaces o/CP (Vc), i.e. in 

Grc (n + 1, 2 n + 2 ). 
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Proof. To see that a hinge for X exists, we have only to examine dimensions. This 
X has 2n real dimensions, so generically it will have 2n real dimensions of osculating 
Hopf fibrations Xj, for .J = Jp iov P G X. Let W be the set of triples {P,A,B) 
where P £ X, A is a linear subspace of containing the osculating 

Hopf hbration Xjp = CP" to X at P and P is a linear CP” subspace contained 
in A. We can see that at a generic point of W, (P, B) determines A because A is 
the linear subspace containing B and Xjp. Moreover, the possible subspaces B are 
parameterized by the normal bundle to Xjp at P. Therefore the dimension of W 
as a real manifold is 

2ti 2(n T 1) = An -t- 2. 

So this is the dimension of the family of CP" parallel to X. 

On the other hand, the family of all CP” inside CP^”’*'^ has real dimension 
2n^ + 4n + 2 which is always bigger than 4n + 2. Therefore by Sard’s theorem, there 
is some CPg which is nowhere parallel to X, and we can pick it from an open set 
of CP” linear subspaces, and moreover arrange that it doesn’t intersect X. □ 

Lemma 22. Take p^n+i ^ x a great circle fibration, and stick X into CP (Vc) 
via the Sato map. Pick a hinge CPq for X. The family o/CP”^^ linear subspaces 
containing that hinge is diffeomorphic to CP”. There is a diffeomorphism X CP" 
given by taking a point P £ X to the unique CP"^^ linear space containing CPq 
which strikes X at P. 

Proof. Consider the manifold Y = CP” of all CP”’’"^ containing the hinge CPg, 
and the incidence correspondence Z of all pairs (P, H) with II £ Y and P £ X and 
Xjp C n. By positivity of intersections, Z is a submanifold oi X x Y of the same 
dimension (2n) as both X and Y. Moreover, X and Y are compact, and so Z is 
too. Again by positivity of intersections, Z Y and W —>■ X are covering maps, 
preserving orientation. But X and Y = CP” are both simply connected, so Z ^ Y 
and Z X are diffeomorphisms. □ 

Lemma 23. In lemma 21 on the facing page, we can arrange our choice of hinge 
CPg to be of the form CPg = Xj for some complex structure J on V. 

Proof. By dimension count, we see that these Xj C CP(Vc) (which are in one 
to one correspondence with complex structures J on V) have the same dimension 
as the space of all CP” linear subspaces in CP (Vc), so they form an open subset. 
Indeed the Xj subspaces are precisely those CP” linear subspaces with no real 
points on them. □ 

Now that we can map the base of our great circle fibration to a complex projective 
space, we have to map the great circles to the fibers of the Hopf fibration. Consider 
first how to do this for a pair Hopf fibrations, given by complex structures Ji and 
J 2 . We take any other Hopf fibration, given by a complex structure Jg, so that if 
the associated fibrations are 5 ' 2 "+i ^ Xk for k = Q, 1,2, then Ag C CP (Vc) will 
not be parallel to Xi or to A 2 , i.e. Ag is a hinge for Ai and also for A 2 . Of course, 
these Afc are all CP” linear subspaces inside CP^”’’"^ = CP(Vc) given by linear 
equations 

Xk = {Jk = . 

Our map Ai ^ A 2 is constructed by taking all linear CP”^^ subspaces contain¬ 
ing Ag and matching the point CP”’*’^ C Ai to the point CP”^^ C A 2 . 



48 


BENJAMIN MCKAY 



CP 


n 

0 





Figure 7. Slicing with CP"~'’^’s containing a given CP” 


First, we need to lift the entire picture up to a linear picture in Vc- Then we will 
see what is happening in V itself. Up in Vc we have 3 complex linear subspaces 
Vo,Vi,V2, all isomorphic to C”+^, which are just the preimages of the XojXi,X2 
linear subspaces in CP (Vc) ■ Another way to say this: 

Vk = {v\ JkV = V^v} . 

Since the Vq has no vectors in common with Vi or with V2, every vector in Vc can 
be written as a combination w = Wq + Wi of vectors from Vq and Vi . The vectors 
in Vk are of the form 

V - V^JkV 

for vectors v G V. The equation 

V 2 — \/^XJ 2 V 2 = Vq — \/^XJqVq + Ul — 
for Vo, fi, U2 G V breaks into real and imaginary parts: 

V2 = Vo + Vi 
J2V2 — JqVo + JlVi 
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and has the solution 

Vo = {J2 — Jo) ^ {Ji — J2) ^^1 

V2 = Vo + Vi 


so taking ui € F ^ U 2 € by a linear isomorphism, taking the \/—l eigenspace of 
Ji to that of J 2 . The equation 

J2V2 = Jovo + JlVl 

ensures us that this map takes JiVi to J 2 U 2 . So it is a complex linear map 

(y, Ji) ^ (F, J 2 ). 

Moreover, by construction it matches the 2-planes Pi and P 2 in V, just looking 
back at the construction of the Sato map. 

As before, we can apply the same idea to a great circle fibration as follows: we 
take ^ X our great circle fibration, and 5”^"+^ ^ X 2 a Hopf fibration, given 

by a complex structure J 2 . Now we pick another Hopf fibration ^ Xo given 

by a complex structure Jq, so that Xo is nowhere parallel to X and to X 2 . For 
each 2-plane P G X we take the osculating complex structure Jp and use the above 
process to produce a complex linear map (V, Jp) ^ (V, J 2 ) ■ This will map P to a 
2 -plane P 2 complex linearly: 

iV,P,Jp)^iV,P2,J2). 

Hence it identifies the great circle fibrations. We have proven: 

Theorem 6. The base manifold X of a great circle fibration ^ x is dif- 

feomorphie to CP". For each choice of hinge Xj^ C CP (Vc) for X we obtain an 
isomorphism 

^2n+l _^ ^2n+l 


X-^CP" 

identifying the great circle fibration with a Hopf fibration. This isomorphism de¬ 
pends smoothly on the choice of hinge. 

Corollary 9. Given any two great circle fibrations ^ Xo and ^ Xi, 

the embedded submanifolds Xo,Xi C Gr(2, T) are homotopic inside Gr(2,T). 

Proof. We pick a hinge CPq and deform Xo to Xi along the straight lines contained 
in each CP"~'’^\CPq = C"’*'^. Then take the image in Gr (2, V). □ 

16. Nonlinear J: twisted complex structures 

This section will not be referred to subsequently, and may be skipped. 

A great circle fibration ^ X determines a 2-plane P through each point 

V G G\0, and a complex structure Jp : V V for which P is a complex line. 
Define the map Jx ■ H\0 ^ G\0 by Jxv = Jpv. Clearly Jx is a smooth map, and 
satisfies = —1. But it is linear precisely if the great circle fibration is a Hopf 
fibration. 

Definition 4. A twisted complex structure is a map J : G\0 ^ C\0 which 
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(1) is smooth, 

(2) satisfies = —1 

(3) leaves invariant each 2-plane span{v,Jv) and 

(4) is linear on those 2-planes. 

A real vector space V equipped with a twisted complex structure will be called a 
twisted complex vector space 

We will always extend our twisted complex structures from y\0 to V by defining 
JO = 0. This makes J continuous on V, but not differentiable at 0 unless J is linear, 
i.e. a complex structure. 

Given a twisted complex structure J, define a great circle fibration by taking 
J) C Gr (2, V) to be the set of oriented 2-planes of the form {v, Jxv) for v & V, 
oriented by setting vAJxv to be positive. It is clear that this defines a great circle 
fibration, by taking the great circles in 5 ' 2 "+i = (y\0)/]R''" to be the quotients by 
K’*' of the J invariant 2-planes. 

Lemma 24. For any great circle fibration —> X, 

X (Jx) = X. 

Proof. The 2-planes which are Jx invariant are precisely those belonging to X, with 
the required orientation. So it is the same submanifold of the Grassmannian. □ 


Definition 5. A twisted complex structure J is called a pseudocomplex structure 
if it satisfies J = Jx for 5”^"+^ ^ X a great circle fibration. 


Lemma 25. The generic twisted complex structure J is not pseudocomplex, i.e. 

Jx(j) ^ J- 

Proof. Let X = X{J) and J' = Jx(j)- Clearly J' leaves a 2-plane invariant pre¬ 
cisely when J does. Moreover these 2-planes have the same orientation. So they 
determine the same great circle fibration, X. Each of J and J' also determine 
sections of S {V) —> Gr (2, V). Recall that S {V) is the space of pairs {P,j) so that 
P C E is a 2-plane and j : P —> P is a complex structure on P. We define the map 

aj:X^S{V) 


by 


aj{P) = {P,J\p) 


restricting J to P. But we can vary J to an arbitrary section of S {V) Gr (2, V) 
over the same X, while J' is fixed by the choice oi X. □ 


Corollary 10. The space of twisted complex structures retracts to the space of great 
circle fibrations, i. e. to the space of pseudocomplex structures. 

Proof. Indeed, using the notation of the preceding lemma, J = J' precisely when 
the sections X ^ S {V) \x agree. Note that these are disk bundles, so the space of 
J with fixed X{J) is contractible. Or, more canonically, just take J ^ X{J). □ 

Definition 6. If Vq has twisted complex structure Jo and Vi has Ji, then define 
the sum of these to be V = Vq 0 Vi with twisted complex structure 

J JlVl) ■ 


^^Twisted complex structures were discovered simultaneously by the author [11] and by Jean- 
Claude Sikorav [13]. 



51 


An obvious result: 

Proposition 2. The sum of twisted complex vector spaces is twisted complex. 
Definition 7. A homomorphism between twisted complex vector spaces 

is a real linear map so that 

(fJo = Ji4>. 

Definition 8. A twisted complex subspace W of a twisted complex vector space 
(y, J) is a real linear subspace of V which is J invariant. 

Obviously: 

Lemma 26. On a twisted complex subspace W C (P, J), the twisted complex struc¬ 
ture J restricts to W to become a twisted complex structure on W. 

Proposition 3. The kernel of a twisted complex homomorphism is a twisted com¬ 
plex subspace. 

Proof, ft is clear that the kernel is J invariant. □ 

Proposition 4. Given any twisted complex subspace W C (V, J) there is a canon¬ 
ical homomorphism {V, J) (VjW, J/W) so that W is its kernel. 

Proof. The map J restricts to each J invariant 2-plane to be linear, so it descends 
to a map on the quotient, for any 2-plane transverse to W. By J invariance of W, 
every J invariant 2-plane is either transverse to W or contained in W, so J is defined 
on VjW. It is immediate that this quotient J is a twisted complex structure. □ 

Definition 9. A manifold whose tangent bundle is equipped with a continuous fiber 
bundle map J which restricts to each fiber to be a twisted complex structure is called 
a twisted complex manifold. The J is called its twisted complex structure. A map 
between twisted complex manifolds is called twisted holomorphic if its differential is 
homomorphism of twisted complex structures. Similar definitions hold with twisted 
complex replaced by pseudocomplex, i.e. for great circle fibrations. 

17. Sums of great circle fibrations 
This section will not be referred to subsequently, and may be skipped. 

Lemma 27. Take a sum (V, J) = {Vq, Jo)©(Vi, Ji) where Jq and Ji are pseudocom¬ 
plex structures. Let Hk : V ^ Vk be the projections. The twisted complex structure 
J is pseudocomplex precisely when, for any J invariant 2-plane P € X{J) which 
maps to 2-planes Pk = C 14 we find that the osculating complex structures 
Jp,JPk satisfy 

Jp = Jp^ 0 Jp^. 

on P. 

Proof. Suppose this occurs. We have Jk = Jp,, on Pk, and J = Jq © Ji. So 

J = Jo (B Ji 

= Jpo © Jpi 

= Jp. 
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Now we have to show that for generic P G X{J), the subspaces iTkP = Pk are 
2-planes. The P for which Pq is not a 2-plane are those lying in the kernel of tto. 
By our results about hyperplanes in section 13 on page 41, we found that for any 
real hyperplane H C V, the 2-planes P C H which lie in X = X{J), i.e. which 
give great circles, form a codimension two submanifold in X. Therefore there is a 
dense open set of 2-planes P G X{J) which satisfy 

J = Jp on P 

and therefore this must hold, by compactness, for all P. □ 

Theorem 7. The sum of pseudocomplex structures is pseudocomplex, i.e. the sum 
of two great circle fibrations is a great circle fibration. Moreover ifV = Vb © bi is 
a sum of pseudocomplex structures, with great circle fibrations Xk C Gr (2,14) and 
X C Gr(2,T), then 

Jp = Jpg 0 Jp^ 

whenever P G X and P projects to Pk G Xk . 

Proof. Take {Vo, Jq) and (14, Ji) pseudocomplex vector spaces, and {V, J) = (Vb, Jo)® 
(14, Ti) be the sum. Let : T ^ 14 be the projections. Let Xk = X [Jk) be 
the base manifolds of the associated great circle fibrations, Xk C Gr(2,14), and 
X = X{J) cGr{2,V). 

Let Y G X he the dense open subset of X consisting of 2-planes P C V so that 
TTfcP = Pk is also a 2-plane. So Pk G Xk. Define a manifold Z to consist in triples 
(Po,Pi,a) so that Pk G Xk and 

a : Pq ^ Pi 

is invertible and complex linear: 

oJo = JiCX. 


We can identify Z with Y by taking P G T to {Po,Pi,a) where Pk = tt^P and 
a = ttittq . We need to see why a must be complex linear. If P G T is identified 
with (Pq, Pi, a) then picking v = vq + a (uq) G P we have 

Jv = JqVo + Jia {vo) 

= JoVo + a {JqVo) . 

So (P, J) (Pq, Jo) + (Pi, Ji) is complex linear, as is a. 

Gonversely, given (Pg, Pi, a) we can determine P by taking P C T = Vg © 14 to 
be the graph of a. This shows that Z = Y. 

Under the map Y ^ Xo x Xi given by P i-^- (Pg, Pi), we have 

0 ^ Lin ((Pg, jg), (Pi, Ji)) ^ TpY ^ Linj„ PgUg/Pg © Linj, PgUi/Pi ^ 0. 

We have an injective homomorphism 

SL(lb) X SL(14) ^ SL (U) 

given by 

(50,51)^5= (^0 51) ■ 

Under this map, pull back the Maurer-Cartan 1-form to 



fujo 0 \ 
Vo u;ij- 
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However, this will not produce adapted frames for our great circle fibration. 
Instead, take the bundles Bk Xk of adapted frames, and for each point P gY, 
associated to a triple {Pq, Pi,a), take any adapted frame gk G Bk over the point 
Pk G Xk- We will construct an element g = g {go, gi) in SL {V) which will turn out 
to be an adapted frame for X. 

We do this as follows: we know that go G Bq C SL (Vb) above a point Pq € Xo 
identihes a hxed choice of frame (i.e. ordered basis) for Vq, complex linear for a 
fixed complex structure, say Jq, with a frame which is complex linear with respect 
to Jpg, and for which Pq is the complex span of the first element of that frame. 
The same is true for gi e Pi etc. 

Now we need to construct a frame for Y. We will try the following: take the 
fixed frames for Vo and Vi and write them as 

eO) Cl = Jo^o, ■ ■ ■ , 62^0 7 e2no + l = JoG2no G Vq 
^oXi = Jie-'o, ■ • ■, + l G ^1- 

We want a frame for V so that the first element lies in the graph of the map cq ^ Cg. 
We will therefore construct the frame for H = Vb © Vi given by 

4 = (eo.eg) ,eb = (ei,ei), 

^2 (®2) 0) , . . . , 62 „g_|_i (e2no + l; 0) , 

^2no+2 = (0; Cg) , . . . , e2„g+2„i+3 = (O, e2„j + i) ■ 

Let M be the matrix which takes the obvious basis 


6o, • ■ ■ 5 ^2no + li ^0’ • ■ ■ ? ^2ni + l 

of V into this basis: 

fh 0 0 0 \ 

^ ^ 0 hno-l 0 0 

h 0 I 2 0 

\0 0 0 l2ni-l/ 

(where Ik means the k x k identity matrix). This matrix M is then complex linear 
for Jg © Ji and invariant under the complex conjugation operator PTg © Ki, where 
Kk is the standard complex conjugation operator on 14 in the fixed bases. 

So the elements of SL {V) above Y which we would like to build are those of the 
form 

We guess that these should sit inside the adapted frame bundle of X. We hnd 


5-1 dg = M 




M-\ 


Because M is complex linear and conjugation invariant, when we split g~^ dg into 
complex linear and conjugate linear parts, and 0°’^, we find that the splitting 
is M invariant. Note that 


M-i 


( I 2 0 0 0 \ 

0 l2no-l 0 0 

-h 0 /2 0 

\ 0 0 0 /2ni-l/ 
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So we can calculate the components fig and fig of ft in terms of those of ^ ^ dgo 

and ?7 = dgi. 

Again we need some complicated index convention. We will be deliberately vague 
about this. Calculating out the result, we hnd 





£5 

So 


^9 


V 0 


0 


0 

0 

^0 

do 

Vo 



and the same expressions hold with bars taken off of all lower indices. In particular, 
using small s for the Xq invariants, and capital S for the Xi invariants, we have 


and 


09 — fO 
“o “So 




r 

0 



/ 

[ -SW 

/sP 0 0 \ 

sO 0 5° (n^). 

VO 0 s^J 


Thus the relations between the fl Maurer-Cartan 1-forms satisfy the structure equa¬ 
tions for the adapted frame bundle of an elliptic submanifold of the Grassmannian 
Gr(2,G). 

We have dehned the map 


which maps 

{go, gi) & Bo X Bi ^ g G SL {V) 

injectively, dehning a principle right MTq (Vq) x Ti {Vi) M~^ bundle, and satisfying 
the structure equations of the adapted frame bundle of an elliptic submanifold of 
the Grassmannian. 


SL (V) -^ B = tt* {Bo x Bi) -^ Bo x Bi 


Y -^- ^Xo X Ai. 

We need to show that if we fatten up this bundle to a right principle Tq {V) bundle, 
then it will still satisfy the structure equations of an adapted frame bundle of an 
elliptic submanifold, so that it will in fact be the adapted frame bundle of Y. 

To fatten up a bundle, we carry out the following construction: we take our 
bundle B = tt* {Bq x Bi) and build the bundle 

B' = {Bx ro(l/)) / (MTo {Vo) X Tq (1A) Afi) . 
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This is a principal right ro(V^) bundle, which is identified canonically with the 
submanifold of SL (fo) defined by taking the union of the ro(fo) orbits in SL(fo) 
through points of B. We leave it to the reader to show that S' —> F is a ro(F) 
right principal bundle, which satisfies the structure equations of the adapted frame 
bundle of an elliptic submanifold. 

It follows then that the projection of B' to the Grassmannian, which is F, is an 
elliptic submanifold, and that S' ^ F is its bundle of adapted frames. Moreover, 
by construction the adapted frames have complex structures satisfying 

Jp = Jp^ 0 Jp^. 

Consequently the theorem follows from the previous lemma. □ 

18. Blaschke manifolds 

This section will not be referred to subsequently, and may be skipped. 

In this section, we will assume familiarity with Besse [1] chapter 5, where the 
reader will find a clear and elegant explanation of the theory of Blaschke manifolds. 

Theorem 8 (Yang). Every Blaschke manifold modelled on complex projective space 
is the base space of the sum of two great circle fibrations. 

Proof. C.T. Yang [14] stated this result with a hint of the proof. We will provide 
more hints. We take Vq = C with its usual complex structure Jq, and let Xq be 
a single point, representing the base space of the great circle fibration S'l ^ = 

Vb\0/K.''' ^ {*} = Yq. We take M our Blaschke manifold, and p G M any point. 
Let Vi = TpM. Suppose that the geodesics in M have period 27r. Then the sphere 
Fi\0/R“'" can be identified with the sphere in Vi of radius tt, and is equipped with a 
great circle fibration described in Besse’s book. We let Xi be the base space of that 
fibration. Our aim is to show that M = Yq 0 Yi, a canonical diffeomorphism. Let 

V = Vq(BVi and let J = Jq © Ji be the associated twisted complex structure, and 

Y = Yo©Yi the great circle fibration. The tricky part is that Ji does not reflect the 

Riemannian geometry on M. Instead define J[ :Vi ^ Vi to be the twisted complex 
structure with the same great circles, but respecting the Riemannian geometry, i.e. 
J[vi is given by turning vi around by a 7r/2 rotation around its great circle, where 
the angles are measured in the Riemannian metric on Vi = TpM coming from the 
Riemannian metric on M. Let J' = Jq © . This has the same great circles as J, 

but respects the Riemannian metric. We will define a J' invariant map 

Exp : F\0 ^ M 

invariant under rescaling, giving another great circle fibration. First, for 9 G ]R/27rZ, 
define G Vi for vi G Vi to mean rotation of Vi around its great circle by an 

angle 9. We want Exp to be J' invariant. Define 

Exp (0, ui) = exp (ui) G M 

using the Riemannian exponential map at p G M. Then we define (following Yang 
closely) for —7r/2 < 9 < 7r/2, and Vi G Fi a unit length vector 

Exp (cos 9, sin 9vi) = exp {29vi ). 

(Obviously one works this stuff out on complex projective space first, and then 
uses the same expressions in the general case.) Next, we ask that Exp be invariant 
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under rescaling, to extend to vectors of any length. Finally we ask that 
Exp ^e^‘^°vo, = Exp {vq, Ui). 

Putting it together: 

Exp (uq, Ui) = exp ^2 arctan 

and this map is constant on fibers of the sum of our great circle fibrations, so drops 
to a smooth map Xq © Xi —>■ M, mapping the point Xq to the point p G M, and 
mapping Xi to the cut locus of p in M. It is easy to see that the map is 1-1 and 
onto (since the injectivity radius of our Blaschke manifold is precisely tt), and to 
differentiate the map on the set where vq ^ 0, and see that it is smooth and a local 
diffeomorphism. The delicate part is the behaviour of the exponential map near 
points that get mapped to the cut locus, and this is worked out completely in Besse 
[ 1 ], □ 

Corollary 11. Every Blaschke manifold modelled on complex projective space is 
diffeomorphic to complex projective space. 

Proof. We have seen that the base of any great circle fibration is diffeomorphic to 
complex projective space. □ 


M] 

MJ \vi\J' 


19. The space M (V) 

This section will not be referred to subsequently, and may be skipped. 

Consider the homogeneous SL {V) space M {V) which consists of choices of pairs 
(P, J) of 2-plane P C V and complex structure J : V ^ V so that P is a complex J 
line. We have described a map X ^ M (V) from the base manifold X of any great 
circle fibration ^ X. Indeed the structure group of our bundle B ^ X is 

precisely the isotropy group of a point of M (V). There are obvious maps 

M{V) 


Gr(2,y) J{V). 

The fibers of the map M (V) J (V) are copies of CP". From the structure 
equations, we see that M (V) is a complex manifold. In fact it is possible to 
see this from a different point of view: since the complex structures on V are 
identified with the complex linear subspaces IT C Vc with no real points, i.e. 
ITn T = 0, this is an open subset of the Grassmannian Grc (n + 1, 2n + 2). Above 
Grc (n + 1, 2n + 2) we have the universal bundle U —> Grc (n + 1, 2n + 2) whose 
fiber above IT G Grc (n + 1, 2n + 2) is IT itself. Projectivizing this bundle, we 
have the bundle 

CP(U) ^ Grc (n + 1, 2n + 2) 

of complex projective spaces. A choice of (P, J) G M (T) is precisely a choice of 
complex subspace IT G Grc (n + 1, 2n + 2) not containing any real vectors: IT n 
T = 0, and a choice of complex line inside IT: the line consisting of the vectors 




V — V—i.Jv 
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for V G P. Consequently, M (V) is just the pullback 
M (V) -^ CP{U) 

J {V) -^ Grc (n + 1, 2n + 2). 


We can also identify M {V) with the homogeneous space 

M(y) = SL(C) /ho. 

Since a great circle fibration 




g2n-\-l 


X2n 

gives rise to a right principle Fq bundle 

Fo- 


X 

with B C Sh (V), we have 

Fo-^ B -^ SL (V) ^-Fo 


X- ^M{V). 

Consider also the map 

X ^M{V)^J{V)C Grc (n + 1, 2n + 2). 

Picking a hinge, i.e. a choice of complex subspace Wq G Grc (n + 1, 2n + 2)0^7 {V) 
which is transverse to every complex subspace W G Grc (n + 1, 2n + 2) n >7 {V) 
arising as osculating complex structure to X, we can then trivialize the universal 
bundle over the part of Grc (n + 1, 2n + 2) consisting of subspaces transverse to 
Wo- We do that by taking complex coordinates z,w on Vc so that the complex 
n + l plane z = 0 is the hinge. Then all of the other complex n + 1 planes have the 
form 

w = pz 

so that p = (pq) is our Pliicker coordinate system. Given two n+l planes, say 
with Pliicker coordinates Pq and pi , we use the map 

iz,poz) 1 -^ {z,piz) 

to identify them. This is a complex linear map, so it identifies complex lines with 
complex lines. 

Now we take X C M and map 

{z,pz) G X (z, 0) G Xq 

where Xq is the subspace associated to some Flopf fibration. This map takes com¬ 
plex lines to complex lines, and therefore identifies the complex structures on the 
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Grc (n + 1, 2n + 2) 

Figure 8. The space X sits inside CP (U), the projectivized uni¬ 
versal bundle, and is “nearly vertical”, so that it is diffeomorphic 
to the fibers 

2-planes belonging to X with those on Xq. We have a completely explicit algebraic 
description of the geometric application of a hinge. 

20. Further remarks 

This section will not be referred to subsequently, and may be skipped. 

For applications to pseudoholomorphic curves, one would like to define a concept 
of totally real subspace R CV, dim* R = n+1. This should be precisely a subspace 
of V which, thought of as a great n sphere in has no great circles in it from 

our fibration. Generic R should have this property. 

The general story of great sphere fibrations (the topological Blaschke theory) 
can probably be studied as follows: each Hopf fibration 

gk - ^gN 


Xnopi 

has a symmetry group T C SL {N + 1,K.), and a point of Xnopf has an isotropy 
subgroup To C T. This gives an embedding of homogeneous SL {N + 1,M) spaces 

^Hopf = r/To C SL (fV + 1, R) /Lq. 
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Then SL {N + 1, R) acts on this picture to move the embedded submanifold around 
in a fibration, with base SL (TV + 1,M) /T. 

r/To --SL(iV + l,R)/ro 

SL (TV+ 1,M) /r. 

Now any great sphere fibration 

gk - ^gN 

X 

probably gives, via moving frame calculations similar to those above, an embedding 

X c SL (TV+ l,R)/ro 

which is “close” to vertical. Locally trivializing the fiber bundle 

r/To -^SL(TV + l,R)/ro 


SL (iV + l,R)/r 


in some “nice” way, one will probably find that this gives an explicit diffeomorphism 
X -Vnopf. 

Taking M a manifold and SM = (TM\0) /R^, the tangent sphere bundle, one 
could consider a great sphere fibration of each sphere in SM. Call this a Blaschke 
system. We can interpret such a system as a first order system of partial differential 
equations, so that a solution to such an equation is an immersed submanifold of M 
whose tangent spaces project via TM\0 SM to be great spheres belonging to 
our fibration. If there are involutive differential equations constructible in this way, 
with a suitable notion of taming, then this will provide a theory of pseudoquater- 
nionic curves and pseudo-octave curves, and perhaps a theory of Gromov-Witten 
invariants for hyper-Kahler and octavic spaces. 

For applications to elliptic partial differential equations, the most important 
result one would like to prove is probably the existence of a taming symplectic 
structure. Here that means an element w G (1^*) so that w > 0 on each 2-plane 
in X. In local complex coordinates z,w on V, we can write 2-planes as 

dw^ = p^dz + q^dz 


and then the symplectic form 




dz Adz + dw'' A drc* 


becomes on that 2-plane 

w = (l -b IpP - |gp) dz A dz. 

Therefore the null 2-planes for w form a real hyperquadric in Gr (2, V). When we 
look up in S (V) we find two more dimensions to the space, and to the subspace of 



60 


BENJAMIN MCKAY 


Right principal bundle 

Semibasic 1-forms 

Structure group 

B 5'2”+i 



B X 


r 

' aV 

G 5'2n+l 

OlO 

(% 9i 9j\ 

Go = 0 g\ g] 

\0 g{ g\} 

G^Gi{2,V) 

“O’ “o 


G^J{V) 


GL(T, Jo) 

G^S{V) 

“O’ 0’ “o 


G^M{V) 

fig, fig, fig, ffO, Ilf 

To 


Table 1. Bundles, structure groups and semibasic 1-forms. N.B.: 
actual structure groups are intersections of the above ones with 
G = SL (V) 


fj,,v,a = 1,..., 2n -I- 1 
i,j,k = 2,...,2n+l 
p,q,r = l,...,n 
P,Q, R = 0,... ,n. 

Table 2. Index conventions 

null 2-planes. It is still a real hyperquadric. The problem is then to show that this 
hypersurface does not intersect the base manifold of a great circle fibration, after 
suitable linear transformation. 

In studying families of great circle fibrations, it would be helpful to have a 
retraction from the space of great circle fibrations to the space of complex structures, 
i.e. Hopf fibrations. Such a retraction is most likely to be found using a parabolic 
heat flow. 
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